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LOI NOI PAU
u

Cacem hoc sinh yéu quy!

Sach BAI TAP TOAN 10 (Két néi tri thirc vSi cudc séng) gém hai tap, |a tai liéu
b6 trg cho sach gido khoa TOAN 10 bd Két néi tri thiic véi cudc séng va dugc
viét bdi cing mot doi ng tac gia.

BAI TAP TOAN 10 dugc bién soan theo ding cau truc chuong, bai nhu trong
sach gido khoa nham cung cap cho cac em mét hé théng bai tap phong phd,
bé trg cho sach gido khoa. Méi bai hoc déu cé phan tém tét cac kién thirc can
nhé, cac ki ndng giai toan can thiét théng qua nhing vi du minh hoa tiéu biéu
va phan dé bai tdp gom nhiing bai tap dugc chon loc can than, theo dung yéu
cau ctia Chuong trinh. Cuéi moi chuong ¢ cac bai tap trac nghiém va bai tap tu
ludn tdng hap, nham 6n tap va hé théng hoa kién thic, ki ndng clia ca chuong.
Cuoi sach la phan |gi giai, huéng dan, dap sé cho cac bai tap.

BAI TAP TOAN 10 bam sat cac yéu cau can dat cta Chuong trinh méi mén
Toan, déng thai bo sung lam da dang thém cac loai bai tap thich hgp véi méi
nodi dung trong sach gido khoa, dac biét la nhiing bai tap dinh hudng Ung
dung, trong thuc tién hoac trong cac mén hoc lién quan, nham phat trién nang
luc mé hinh hoa toan hoc va nang luc gidi quyét van dé toan hoc. BAI TAP
TOAN 10 giup cac em cing ¢, phat trién va nang cao céc kién thuc, ki ndng da
hoc, cling nhu hinh thanh va phat trién nang luc toan hoc tuong Ung.

VGi cau tric va dinh hudng nhu vay, BAI TAP TOAN 10 sé l1a moét tai liéu
khéng thé thiéu cho tat cd cdc em hoc sinh st dung sich gido khoa TOAN 10
thudc bd sach Két néi tri thic véi cudc song. Chac chédn BAI TAP TOAN 10 ciing
rat hitu ich cho tat ca hoc sinh 16p 10, du hoc theo bat ctt bé sach gido khoa nao.

Nha xuat ban Gido duc Viét Nam va tép thé tac gid chan thanh cdm on gido
vién, hoc sinh, phu huynh hoc sinh da st dung cuén sach nay va mong nhéan
dugc nhiing y kién gép y dé sach ngay cang hoan thién hon.

Moi gép y xin gui vé Nha xuat ban Gido duc Viét Nam, 81 Tran Hung Dao,
Hoan Kiém, Ha Noi.
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~ CHUONG |

MENH PE VA TAP HOP

BAI 1

MENH DPE

A - Kién thific can nhé

Ménh dé la mét cau nhéan gia tri ding hoac sai, nhung khdng phai ca hai. Binh li
la mét ménh dé dung va thudng cé dang P = Q, trong d6 P la ménh dé dung.
Ménh dé “Néu P thi Q" la ménh dé kéo theo, ki hiéula P= Q.

Trong dinh li cé dang P = Q, ta goi P la gia thiét, Q la két luan cla dinh Ii.
Khi ménh dé kéo theo dung, thi nguoi ta goi P la diéu kién du dé cé Q; Q la
diéu kién can dé co P.

Ménh dé Q = P dugc goi la ménh dé dao clia ménh dé P = Q.

Ménh dé “P néu va chi néu Q" dugc goi la mét ménh dé twong duong va ki hiéu
laP < Q.

Néu ca hai ménh @& P = Q va Q = P déu dung thi ménh dé P < Q la mot
ménh dé dung.

Phéat biéu “V x e X, P(x)" la mét ménh dé dung néu voi béat ki x, e X, P(Xg)
dung va sai néu co mét x, e X, P(x,) sai.

Phat biéu “3x e X, P(x)"la mét ménh dé dung néu co it nhat mét x, € X dé
P(xq) dUung va sai néu vGi x, e X batki, P(x,) sai.

Phl dinh clla ménh dé& P la mét ménh dé, ki hiéu la P, dang khi P sai va sai
khi P ddng.

Phu dinh clia ménh d@é “vx e X, P(x)"laménh dé“3xe X, P(x)".

Phu dinh cia ménh d@é “3x e X, P(x)"la ménh dé “vxe X, P(x)".



B-Vidu
Vi du 1. Trong cac cau sau, cau nao la ménh dé? Cau nao khong la ménh dé?
Xac dinh tinh dung sai clia cac ménh deé.

a) Hinh vuéng c6 hai dwong chéo vudng goc vai nhau.

b) Séng Hwong chay ngang qua thanh phd Hué.

¢) Nam 2022 khéng phai la nam nhuan.

e)3x+2=5.
9)4>6-5.
Giai
Nhiing cau a, b, ¢, g la ménh dé. Cac céu a, b, cla nhitng ménh dé dung, cau g
la ménh dé sai.

)
)
d) H6m nay troi dep qual
)
)

Cau d la cau cam than, khéng phai la ménh dé. Cau e khéng xac dinh dwgc
tinh dung sai, khdng phai la ménh dé (cau e la ménh dé chira bién).

Vi du 2. Cho ménh dé P: “v/2 1a s6 htiu fi". Hay phat biéu ménh dé pht dinh cla
ménh dé P.
Giai

Ménh dé Q: “y/2 khong phai 1a sé hitu ti” nhan dugc tr ménh @& P bang cach

thém cum tir “khéng phai” trudc vi nglk. Ménh dé Q la ménh dé phu dinh cua
ménh dé P.

Vi v6i méi sé thure chi xay ra mét trong hai triedng hop: 1a sé hitu ti hoac la sé
V6 fi, khéng co trudng hop khac. Do vay khi viét “y2 khong phai la sb hitu ti”
sé cung nghta véi “«2 1a s v 1. Vi vay ménh dé& R: “+f2 1a sé vé fi” cling la
ménh dé phi dinh cia ménh dé P.

Vay ca hai ménh dé Q va R déu la cac ménh dé phu dinh clia ménh dé P.

Vidu 3. Cho hai ménh dé sau:
P. “Ta giac ABCD la hinh thoi” va Q: “T& giac ABCD c6 hai dwong chéo
vudéng goc”.
Hay phat biéu ménh dé P = Q.

Giai
Ménh dé P = Q: “Néu tir giac ABCD la hinh thoi thi t& giac ABCD cé hai
dwong chéeo vudng goc”.



C - Bai tap
1.1. Xéac dinh tinh dung sai clia cac ménh dé sau:
a) Cac sb nguyén té déu la sb 1é;
b) Phuong trinh x> +1=0c6hai nghiém nguyén phan biét;
¢) Moi s nguyén 1& déu knéng chia hét cho 2.
1.2. Phat biéu ménh dé phu dinh clia cac ménh dé sau:
a) 106 la hop sb;
b) Téng s do ba géc trong mét tam giac béng 180°.
1.3. Cho hai ménh dé sau:
P “Tw giac ABCD la hinh binh hanh”.
Q: “Tw giac ABCD c6 AB // CDva AB= CD".
Hay phat biéu ménh @& P = Q va ménh dé dao clia ménh dé dé.
1.4. Phéat biéu dudi dang "diéu kién can" déi véi cac ménh dé sau:
a) Hai géc déi dinh thi bang nhau.
b) Sé tw nhién c6 tong cac chir sé cla né chia hét cho 3 thi chia hét cho 3.
1.5. Xac dinh tinh dung sai clia ménh dé dao clia cac ménh dé sau:

a) Néu sb tw nhién n co6 tbng cac chir s6 bang 6 thi sb tw nhién n chia hét
cho 3.

b) Néu x > y thi x> > y°.
1.6. Phat biéu ménh dé P < Q va xét tinh dung sai cla chung.
a)P "X*+y*=0" Q “x=0vay=0"
b) P “x? > 0" Q: "x> 0"
1.7. Xac dinh tinh dung sai clla ménh dé sau va tim ménh dé phu dinh cla no.

P “Ix e R, x* < x?",

1.8. Phat biéu ménh dé phl dinh cla ménh dé: “Moi s tw nhién c6 chir sb tan
cung bang 0 déu chia hét cho 10".



< BAI 2 >
TAP HOP VA CAC PHEP TOAN TREN TAP HOP

A - Kién thic can nhé

1. Tap hop 1a mét khai niém co ban cuia toan hoc. Ching ta cé thé cho mat téap
hop bang cach liét ké cac phan tlr hodc chi ra tinh chéat dac trung cho cac
phan tir clia tap hop dé.

e Tap hop khéng chira phén tlr nao duoc goi la tap réng, ki hiéu la @.

e Tap hop A duoc goi la tap hop con cla tap hop B néu moi phan ti cla tap
hop A déu la phan tir clia tap hop B. Ki hiéula A c B.
Tap rong la tap con clia moi tap hop va tap hop A la téap hop con clia chinh no.

e Hai tap hop A va B dwoc goi la hai tap hop bang nhau néu méi phan tir clia
A cling la phéan tir cla B va nguoc lai. Ki hiéu la A = B.

2. Céc tap con thuwdng dung cla R

e Khoang
(sb)={xeR|a<x<b} s S e
a b
(& +0)={xecR|a<x} T
a
(<o b)={xeR|x < b} —I);ﬁw:ﬁﬂ#
(—o0; +0) =R : >
o)
e Doan
[a;b]={xeR|a<x = b} e e S
a b

e Nira khoang

[a:b)={x e R|a<x<b} e S P

a b

(ab]={xeR|a<x<b} Mttt
a b

[a;+») = {x e R|a < x} Hﬁf#ﬁfﬁhg >

(- b]={x e R| x < b} ————————————— T
b



3. Cac phép toan trén tap hop bao gdm: phép hop, phép giao va hiéu cla hai
tap hop.

. quo cla hai tap hgp A va B, ki hiéu la An B, la mét tap hop chira cac
phan t&r thudc ca tap hop A va tap hop B.

AnB ={x|xe Avaxe B}

e Hop clia hai tap hop A va B, ki hiéu la AuB, la mét tép hop chlra cac
phén tlr ho#c thudc tap hop A hoéc thude tap hop B.

AuB ={x|xe Ahoac xe B}.

e Tap hop gdm céac phan tlr thuéc A nhung khéng thudc B goi 1a hiéu cla hai
tap hop A va B. Kihiéula A\ B.

A\B={x|xe Ava x e B},
e Khi B A thi A\ B goi la phan bii clia B trong A, ki hiéu la C,B.

B-Vidu
Vi du 1. Xac dinh tinh dung sai clia cac ménh dé sau:

a)6e Z: b) V2 e Q c) 0,368 ¢ R; d) {3}e .
Giai

a) 6 e Z la ménh dé dung.

b) ¥2 € Q 1a ménh dé sai.

c) 0,368 ¢ R |a ménh dé dung.

d) {3} € N 1a ménh dé sai, vi ki hiéu {3} |a tap hop chira phan tir 1a 3, day Ia

tap con clia N, chi¥ khéng phai la mét phan tlr clia N (cach viétding 1a {3} < N).
Vi du 2. Cho Gla tap hop cac sbé nguyén duwong nhod hon 10 la bdi ciia 3 va H la
tap hop cac nghiém clia phwong trinh xX°—7x+10=0.

a) Hay liét ké cac phan tlr clia hai tap hop Gva H.

b) Tim n(H).

c) Biéu dién hai tap hop G va H bang biéu dé Ven.
Giai

a) Vi G la tap hop cac sd nguyén dwong la béi clia 3 va nhoé hon 10 nén

G={3;6; 9}.

Phuwong trinh x? —7x +10 = 0 c6 hai nghiémla x=2vax=5.Vay H= {2, 5}.

b) Tlr cau a ta thay tap hop H c6 2 phan tlr. Vay n(H) = 2.



c) V& biéu db Ven biéu dién hai tap hop Gva H.

H
Vidu 3. Cho hai tap hop A, B dugc mé ta béi biéu d6 Ven nhu sau:

A B

a) Hay chi ra cac phan t&r clia tap hop A.

b) Tinh n(Au B).

c) Hay chi ra cac phan tlr thudc tap hop A ma khéng thudc tap hop B.
Giai

a)A={1,2;3; 4; 5}

b) AuB ={1,2,3,4,5,7,9,11}. Twdbésuyra n(AuB)=_8.

c) Céac phan tr thudc tap hop A ma khdng thudc tap hop B la: 3; 4; 5.

Vi du 4. Biéu dién cac tap hop sau trén truc sb.

a)A=[3; 9]\ [-2; 7); b) B = [-1; +x) N (4, 9];
c) C =[1; 3] v [4; +x); d) D =R\ [-1; +x).
Giai
a) A=[3;9\[-2; 7)=[T7; 9]. Yttt
7 9
b) B =[-1; +x} " (—4; 9] =[-1; 9]. H+H»[1 g ,,,,,
c) C=[1; 5] U [4; +x) =[1; +). M

d) D=R\[-1; +o0} = (—0; —1). _oo—ﬁmamﬁﬂmmﬁﬁmmﬁﬁmﬁﬁmw»
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C - Bai tap
1.9. Pién P vao 6 tréng néu ménh dé dung, dién S vao 6 tréng néu ménh dé sai.
a)PcN . b)NcQ , ¢) @={0} . d){D}cR

1.10. Cho hai tap hop A, B dwoc md ta bdi biéu d6 Ven nhu sau:

A
a) Hay chi ra cac phan tlr clia tap hop A, tap hop B.
b) Tinh n(A L B).
c) Hay chi ra cac phan tlr thudc tap hop A ma khéng thudc tap hop B.
d) Hay chi ra cac phéan tlr thudc tap hop B ma khéng thudc tap hop A.

1.11. Xac dinh cac tap hop sau bang cach néu tinh chat dac trung cho cac phan
tlr cua tap hop.
A=1{0;4,;8; 12,16}, B={-3;9;-27; 81};
C la dwong thang trung truc clia doan thdng AB.

1.12. Trong céac tap hgp sau, tap nao la tap réng?
A={xeN|x<0} B= {XGN|2X2—3X—5= 0}.

1.13. Trong cac ménh dé sau, ménh dé nao dung? Ménh dé nao sai? Giai thich

két luan dua ra.

a) Tap rong la tap con clia moi tap hop;
b) Néu X = {a; b} thi a c X;

c) Néu X = {a; b} thi {a; b} c X.

1.14. Xéac dinh cac tap hop sau va biéu dién chung trén truc sé.
a) (4 7)n(-1;3); b) (-2; 1]~ (05 1);

c) (-2; 6)\ (3; 10); d) (-3; 5]\ [2; 8).

1.15. Trong mét cude phong van 56 ngudi vé nhitng viéc ho thuwong lam vao
ngay nghi cudi tuan, cé 24 nguoi thich tap thé thao, 15 nguoi thich di cau ca
va 20 ngudi khdng thich ca hai hoat dong trén.

a) C6 bao nhiéu nguwdi thich choi thé thao hoac thich cau ca?
b) Cé bao nhiéu nguwoi thich ca cau ca va choi thé thao?
c) C6 bao nhiéu ngudi chi thich cau ca, khéng thich choi thé thao?

11



BAI TAP CUOI CHUONG I

A - Trac nghiém
1.16. Trong cac cau sau, cau nao la ménh dé?
A 6+ x =4x2
B.a<2
C. 123 la sé nguyén t6 phai khéng?
D. Béc Giang la tinh thudéc mién Nam Viét Nam.

1.17. Trong cac ménh dé sau, ménh dé nao dung?

A. &= {0} B. 2 {0}, C.{0}c @. D.0c Q.
1.18. Phui dinh clia ménh dé “5 + 8 = 13” la ménh dé

A 5+8<13. B.5+8>13.

C.5+8> 13. D.5+ 8 13.

1.19. Ménh dé nao sau day dung?
A. Néu a la sb ty nhién thi a la s6 hitu ti khéng am.
B. Néu ala sé hitu ti khéng am thi a la sb tw nhién.
C. Néu ala sb hiru fi duwong thi a la sb tu nhién.
D. Néu a khong la sb tw nhién thi a khéng phai la sé hitu ti knéng am.

1.20. Cho x la mét phan ttr clia tap hop X. Xét cac ménh dé sau:

hxe X () {xte X () x = X: (V) {x} < X.
Trong cac ménh dé trén, ménh dé nao dung?
A (1) va (Il). B. (1) va (Ill) C. (I)va (IV). D. (1) va (IV).

1.21. Cho ba tap hop sau:
E={xeR|f(x)=0}; F={xe R|g(x)=0}; H={xe R|f(x)-g(x)=0}.
Trong cac ménh dé sau, ménh dé nao dung?
A .H=EnF. B H=EUF. C.H=E\F. D.H=F\E.
1.22. Cho haitap hop X={ne N|nlabdicia 2va 3}, Y={ne N|nlabdicua 6}.
Trong cac ménh dé sau, ménh dé nao sai?
A Y c X B. X Y.
C.dnne XvanegY. D. X =Y.
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1.23. Trong cac tap hop sau, tap hop nao la tap réng?
A.M={xe N|x?-16=0}. B.N={xeR|x?+2x+5=0].
C.P={xeR|x*-15=0}. D.Q={xeQ|x?*+3x-4=0}.

1.24. L6p 10A 6 10 hoc sinh gidi mén Toén, 15 hoc sinh gidi moén Vat li, 8 hoc sinh
gidi cd mén Toan va Vat li. S6 hoc sinh gidi it nhat m6t mén (Toan hoac Vat i)
cla Iop 10A la

A 17. B. 25. C. 18. D. 28.

1.25. Cho hai tap hop M = {x eZ|x?>-3x-4= 0} va N = {a;-1. Voi gia tr
nao cla a thi M= N?

A. . a=2 B. a =4. C.a=3. D. a=-1hoac a = 4.
1.26. Trong cac ménh dé sau, ménh dé nao sai?
A. N c [0;+). B. {-2: 3} c [-2Z 3].
C.[3:71={3:4:5 6,7} D. 2 cqQ.
1.27. Cho hai tap hop A = {(~o; —1] va B = (~2: 4]. Tim ménh d& sai.
A.AnB=(-2-1]. B. A\ B =(—x;-2).
C. AuB = (—x; 4]. D. B\A=(-14].

1.28. Trong cac ménh dé sau, ménh dé nao sai?
A. Tam giac ABC la tam giac déu < Tam giac ABC can.
B. Tam giac ABC la tam giac déu < Tam giac ABC cé ba goc bang 60°.
C. Tam giac ABC la tam giac déu < Tam giac ABC c6 ba canh bang nhau.
D. Tam giac ABC la tam giac déu < Tam giac ABC can va c6 mot goc 60°.
1.29. Ménh dé phu dinh clia ménh d@é: “Sé 12 chia hét cho 4 va 3" |a
A. S6 12 chia hét cho 4 hoac chia hét cho 3.
. 86 12 khéng chia hét cho 4 va khéng chia hét cho 3.
. S6 12 khéng chia hét cho 4 hoac khéng chia hét cho 3.
D. Sé 12 khéng chia hét cho 4 va chia hét cho 3.

O o

1.30. Ménh d& “3x e R, x2 = 15" dwoc phat biéu |a

A. Binh phuong cia méi sé thuc bang 15.
B. Cé it nhat mét s thwe ma binh phuwong clia nd bang 15.
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C. Chi c6 mét s thuc ma binh phwong clia né bang 15.
D. Néu x la mét sé thuc thi x2 = 15.
1.31. Trong cac ménh dé sau, ménh dé nao dung?
A. V6i mai sé thwe x, néu x < -2 thi x? > 4.
B. VGi moi s6 thwe x, néu x? < 4 thi x < -2,
C. V6i moi sb thuc x, néu x < -2 thi x? < 4.

D. V6i moi s6 thuc x, néu x? > 4 thi x > -2.
1.32. Ménh d& pht dinh clia ménh d& “x* + 3x + 1> 0, véi moi x e R” 1a
A. Tdn tai x e Rsaocho x% +3x +1> 0.
B. TOn tai x € R sao cho x2 +3x +1<0.
C.Téntai x e Rsaocho x% +3x +1=0.
D

.Tén tai x € R sao cho x% +3x +1< 0.

B - Tuluan

1.33. Xét tinh dung sai clia cac ménh dé sau:
a) Moi sé tw nhién co tan cung bang 0 déu chia hét cho 10;
b) Binh phuwong clia moi sé thurc déu Ién hon 0;
c) Tap réng la tap con clia moi tap hop.
1.34. Cho hai tap hop sau:
A={xeN|-4<x<-1}; B={xeZ|-1<x<3}.
Xét tinh dung sai clia cac ménh dé sau:
a) Tap hop A la tap réng;
b) Tap hop Blatap concla R.

1.35. Dién B vao 6 tréng néu ménh dé dung, dién S vao 6 tréng néu ménh dé sai.

a) 3,274 ¢ Q . D) NcQ . c)J2eR ; d)%eZ

1.36. Hay viét cac tap hop sau bang céach liét ké cac phéan tlr clia tap hop.
A= {xe Q|(2x + 1)(x®+x = 1)(2x% = 3x + 1) = 0};
B={xe N|x*>2vaxc<4}
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1.37. Cho hai tap hop sau:
A={xeR||x|€4};,B={xe R|-3<x£<8}.

a) Viét hai tap hop trén dudi dang khoang, doan.
b) Xac dinh cac tap hop sau: An B; A\B; B\ A.

1.38. Cho hai tap hop A = [a; 5] va B = [-2; 3], v6i a < 5. S a can thoa man diéu
kién gidé An B= 07

1.39. Cho cac tap hop sau:
A = {x | x |a s6 nguyén té va 20 < x < 30};
B={x|xlabdicua 18 va 20 < x < 30};
C la tap hop cac nghiém nguyén dwong clia phuwong trinh x® - 52x2 + 667x = 0.
Hay dién B vao 6 tréng néu ménh dé dung, dién S vao 6 tréng néu ménh dé sai.
a) 25¢ A ; b) Ac B ; c)A=C

1.40. L&p 10A cd 40 hoc sinh, trong d6 c6 20 hoc sinh thich mén Nglr van, 18 hoc
sinh thich mén Toan, 4 hoc sinh thich ca hai mén Ngl vén va Toan. Hoi ¢
bao nhiéu hoc sinh khéng thich mén nao trong hai mén Ngir van va Toan?

1.41. Thdng ké tai mét trung tam mua s&m gém 46 clra hang, v&i 26 clra hang
c6 ban quén 4o, 16 clra hang cb ban giay va 34 clra hang ban it nhat mét trong
hai mat hang nay. Hoi:

a) Cé bao nhiéu ctra hang ban ca quan 4o va giay?
b) Cé bao nhiéu ctra hang chi ban mét trong hai loai quéan ao hoac giay?
¢) C6 bao nhiéu ctra hang khéng ban ca hai loai hang hoa trén?
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CHUONG I

BAT PHUONG TRINH VA
HE BAT PHUONG TRINH BAC NHAT HAI AN

. BAI3 _,
BAT PHUONG TRINH BAC NHAT HAI AN

A - Kién thic can nhé
1. Bat phuwong trinh bac nhéat hai an x, y cé dang téng quat Ia:
ax+by<c (ax+by=>c, ax+by <c, ax + by > c),
trong d6 a, b, ¢ la nhitng s6 thwre dé cho, a va b khéng dong thoi bang 0, x va
yla cac an so.

2. Biéu dién mién nghiém cla bat phwong trinh bac nhéat hai an ax + by <c
nhu sau:

e V& duong thang d: ax + by = ¢ trén mat phang toa d6 Oxy.

o Lay métdiém M, (Xo;¥,) khéng thude d.

e Tinh axy + by, va so sanh voi c.

e Néu ax, + by, < ¢ thi nlra méat phang b d chira M, 1a mién nghiém clia
bat phwong trinh. Nguoc lai néu ax, + by, > ¢ thi nlra mét phang bo d
khéng chira M, 1a mién nghiém cla bat phuong trinh.

Chuay. Trong quy tac trén, khi ¢ # 0 nguwoi ta thwong chon M, 1a géc toa d6. Khi
¢ =0, ta chon M, khac gbc toa dé (chéng han diém (1; 0) ho&c (0; 1)).

B-Vidu
Vidu 1. Cho béat phuong trinh bac nhat hai an x + 2y < 3.
a) Biéu dién mién nghiém cla bat phuong trinh da cho trén mat phang toa do.

b) Tir d6 xac dinh mién nghiém clia bat phwong trinh x + 2y < 3 va mién nghiém
clia bat phwong trinh x + 2y > 3.
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Giai (H.2.1).

a) Ta biéu dién mién nghiém cla béat phuong trinh da cho nhu sau:
Bude 1. V& dudng thang d: x + 2y = 3 trén mét phang toa do Oxy.
Bude 2. Trong bat phuong trinh nay, ta thay ¢ = 3 # 0. Ta chon O(0; 0) la diém
khéng thuéc d va thay vao bieu thtrc x + 2y, taco: 0+2-0=0< 3.
Do do, ’mién nghiém cua bat phwong trinh d& cho la nlra mat phang bo d
chtra goc toa d6 (mién khéng bi gach).
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Hinh 2.1
b) Mién nghiém cla béat phuong trinh x + 2y < 3 chinh la nira mat phéng bd d
chtra géc toa d6 khéng ké dwdng thang d.
Twong tw, mién nghiém cla bat phwong trinh x + 2y > 3 1a nlra mat phang bo
d khéng chira géc toa @6 ma bo di dwong thang d.

Vi du 2. Anh An la nhan vién ban hang tai siéu thi dién may. Anh An kiém duoc
mét khoan hoa héng 600 nghin déng cho méi may giat va 1,3 triéu ddng cho méi
tll lanh ma anh &y ban duoc. Héi d& nhan duoc tir 10 triéu déng tré 1én tién hoa
héng thi anh An can ban bao nhiéu may giat va tl lanh?

Giai (H.2.2).

Goi x va y lan luot 1a sb may giat va sé ti lanh anh An ban duoc. Khi d6 sé tién
hoa héng ma anh An nhan duoc la 0,6x + 1,3y (triéu déng). Theo dé bai, ta cé:

0,6x + 13y = 10.
Tiép theo ta xac dinh mién nghiém clia bat phwong trinh 0,6x + 1,3y = 10 nhu sau:
Bude 1. V& dwdng thang d: 0,6x + 1,3y = 10 trén mat phang toa 6 Oxy.
Bude 2. Lay diém O(0; 0) khéng thudce d va thay vao biéu thirc 0,6x + 1,3y ta duoc:
0,6-0+13-0=0<10.
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Do d6, mién nghiém cla béat phuong trinh la niba mat phang bd d khéng chira
gbc toa dd (mién khéng bi gach).

15 ¥
Ty, 10
I
- %f% -/

Hinh 2.2

Vay néu anh An ban duoc sb may gidtla x (x e N)va sétulanh la y (y € N) sao

cho diém (x; y) nam trong nira mét phang b& d khéng chira géc toa dé thi anh An

nhan duoc tr 10 triéu déng trd 1én tién hoa héng.

C - Bai tap

2.1. Cho béat phuong trinh bac nhéat hai &n -3x + y < 4.

a) Biéu dién mién nghiém cla bat phwong trinh da cho trén mét phang toa do.

b) Tr d6 suy ra mién nghiém cta bat phuong trinh =3x + y < 4 va mién nghiém
cla bat phwong trinh —3x + y > 4.

2.2. Cho bat phuong trinh 2x + 3y + 3 < 5x + 2y + 3.
Béng cach chuyén vé, hay dua bat phuong trinh trén vé dang tong quat cta
bat phwong trinh bac nhat hai an. Bieu dién mién nghiém cla bat phuong béac
nhat hai an dé trén mat phang toa dé.

2.3. Xac dinh mét bat phuong trinh bac nhat hai an nhan nira mat phang bo la
dwong thang d (mién khéng bi gach) lam mién nghiém (H.2.3).

My
4..

Hinh 2.3
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2.4. Cho béat phwong trinh x + 2y > 4.

a) Biéu dién mién nghiém cla béat phuong trinh da cho trén mét phang toa do.

b) Mién nghiém co6 chlra bao nhiéu diém (x; y) Vi x, yla cac sb nguyén am?

2.5. M6t clra hang ban Ié ban hai loai hat ca phé. Loai thi nhat gia 140 nghin
ddng/kg va loai thtr hai gia 180 nghin déng/kg. Clra hang trén x kg loai thir
nhat va y kg loai thir hai sao cho hat ca phé déa trén co gia khéng quéa
170 nghin déng/kg.

a) Viét bat phwong trinh bac nhat hai @n x, y thoa man diéu kién dé bai.

b) Biéu dién mién nghiém cutia bat phuong trinh tim duoc & cau a trén méat phang
toa do.

. BAI4 _
HE BAT PHUONG TRINH BAC NHAT HAI AN

A - Kién thiic can nhé

1. Hé bat phuong trinh bac nhat hai an la mét hé gém hai hay nhiéu bat phwong
trinh bac nhét hai an.

2. Mién nghiém ctia hé bat phwong trinh bac nhat hai an

— Trong mat phang toa do, tap hop cac diém cé toa d6 1a nghiém clia hé bat
phuong trinh bac nhéat hai an la mién nghiém cla hé bat phuong trinh do.
Nhu vay mién nghiém ctia hé |a giao cac mién nghiém clia cac bat phwong
trinh trong hé.

— Caéch xac dinh mién nghiém ctia mét hé bat phuong trinh bac nhét hai an:
Bude 1. Trén cling mét méat phéng toa dd, ta xac dinh mién nghiém ctia méi
bat phuong trinh bac nhat hai an trong hé va gach bé mién con lai.

Bude 2. Mién con lai khéng bi gach la mién nghiém clia hé bat phwong trinh @& cho.

3. Ung dung cla hé béat phwong trinh bac nhéat hai an

— Gié tri 16n nhét (hay nho nhéat) clia biéu thirc F(x; y) = ax + by, vdi (x; y) la toa
d6 cac diém thudc mién da giac 16i AA,... A, dat dugc tai mét trong cac dinh
clia da giac.

— Céch tim gia tri 1én nhéat hay nhé nhat cta biéu thirc F(x; y) = ax + by vdi (X; y)
thoa man mét hé bat phwong trinh bac nhat hai an:
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Budc 1. Xac dinh mién nghiém cua hé bat phuong trinh hai &n va tim toa do
céac dinh.

Bude 2. Gia tri I6n nhat hay nhd nhat (néu co) clia F sé dat duoc tai mét trong
cac dinh tim dwoc & Budc 1. Do do, ta chi can tinh gia tri clia F tai cac dinh
dé xac dinh gia tri Ion nhéat hay nhé nhat cta F.

Bu”é'c 3. So sanh cac gia tri thu duoc clia F & Budc 2 va két luan gia tri Ion
nhéat hay nhé nhat clia F.

B-Vidu
Viduy 1. Biéu dién mién nghiém cla hé bat phuong trinh bac nhéat hai an sau trén
mat phang toa dé:
[x +y<2
Ty=-x<2
1y > -1
Giai (H.2.4).
Pé biéu dién mién nghiém cla hé bat phuong trinh trén, ta lam nhu sau:
Buéce 1. Xac dinh mién nghiém D cla bat phuwong trinh x + y < 2 va gach bo
phan con lai.

e V& dudng thdng d: x + y = 2 trén mét phang toa do.

o Toa d6 clia diém O(0; 0) thoa man 0+ 0 =0 < 2 nén mién nghiém D4 clia
bat phuong trinh x + ¥ < 2 1a nlra mé&t phang bo d chira géc toa dé (mién
khong bi gach).

Buée 2. Xac dinh mién nghiém D clia bat phwong trinh y — x < 2 va gach bo
phan con lai.

e V& dudng thang d": y — x = 2 trén mét phang toa do.

e Toa d6 diém O(0; 0) thod man 0 — 0 = 0 < 2. Do d6, mién nghiém D, clia

bat phuong trinh y — x < 2 la nlra mat phang bo d' chira géce toa d6 (mién
khéng bi gach).

Bude 3. Xac dinh mién nghiém D cua bat phwong trinh y > —1 va gach bé phan
con lai.

o V& duong thdng d": y = —1 trén mat phang toa dé.

o Toa d6 diém O(0; 0) thoa méan 0 > —1. Do d6, mién nghiém Ds clia béat
phuong trinh y > —1 la nlra mat phang bd d" chira gbc toa d6 va khéng ké
dwong thang d" (mién khéng bi gach).
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Khi d6, mién nghiém ctia hé la mién khoéng bi gach hay mién tam giac ABC bo di
canh BC.
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Hinh 2.4

Vi du 2. Tim gia tri I6n nhat va gia tri nhd nhat ctia biéu thirc F(x; y) = x + 2y
X+y<4
Vvéi (x; y) thudéc mién nghiém clia hé bat phuong trinh { x >0
y =20.

X+y<4

Giai (H.2.5). Bude 1. Xac dinh mién nghiém cla hé bat phuwong trinh x=20
y20;
Mién nghiém cla hé bat phuong trinh
trén la mién tam giac OAB Vvéi cac dinh
O(0; 0), A(O; 4), B(4; 0).
Budc 2. Tinh gia tri cla F tai cac dinh
cla tam giac:
F0;0)=0, F(4,0)=4, FO; 4) = 8.

Budc 3. So sanh cac gia tri thu duoc
cla F & Budc 2, ta dwoc gia tri nhé nhat 0
la 0 va gia tri 16n nhéat la 8. i R
Vay gia tri nhé nhat can tim clia F la
FO; 0) = 0 va gia tri I6n nhat can tim la
F(0; 4) = 8. Hinh 2.5
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Vi du 3. Nguoi ta du dinh dung hai loai nguyén liéu dé chiét xuat it nhat 280 kg
chét A va 18 kg chat B. V&i mét tan nguyén liéu loai I, ngudi ta co thé chiét xuat
duoc 40 kg chét A va 1,2 kg chéat B. V6i mot tan nguyén liéu loai /I, ngudi ta co
thé chiét xuat dwoc 20 kg chat A va 3 kg chéat B. Gia méi tan nguyén liéu loai / 1a
4 friéu dong va loai /I 1a 3 triéu déng. Hoi nguoi ta phal dung bao nhiéu tan
nguyeén lieu moi loai dé chi phi mua nguyeén liéu la it nhat ma van dat dugc muc
tiéu dé ra? Biét rang co s& cung cap nguyén liéu chi cé thé cung cép téi da 10 tan
nguyén liéu loai / va 9 tan nguyén liéu loai /1.

Giai. Goi x va y 1an Iuot la s6 tan nguyén liéu loai / va loai Il ma ngudi ta can dung.
Khi d6 khdi lwong chat A chiet xuat duoc la 40x + 20y (kg). Khdi luong chat B chiét
xuat dwoc la 1,2x + 3y (kg). Tl gia thiét ta co hé bat phwong trinh sau:

(40x + 20y > 280 [(2x+y =14
1.2 > >
2X + 3y > 18 hay 12x +3y 218

x <10 x <10
y<9 )

Hon nita, s tién nguoi ta phai tra dé mua nguyén liéu la F(x; y) = 4x + 3y
(triéu dong). Vay bai toan tré thanh tim gia tri nho nhat cua F(x; y) vai (x; y) thoa
man hé bat phuong trinh bac nhat hai an & trén.

Buwée 1. Xac dinh mién nghiém cla hé bat phuwong trinh bac nhéat hai an trén.
Mién nghiém la mién t& giac ABCD véi A(5: 4), B(10; 2), C(10; 9), D(2,5: 9) (H.2.6).

A \\\\ / \
\ -

R
——
—

Hinh 2.6
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Bude 2. Tinh gia tri cla F tai cac dinh cua t&r giac ABCD.

Ta co: F(5: 4) = 32, F(10; 2) = 46, F(10: 9) = 67, F(2,5: 9) = 37.

So sanh cac gia tri nay ta thay F(5; 4) la nho nhat. Do dé, gia tri nho nhéat ctia A(x; y)
VGi (x; y) thoa man hé bat phwong trinh trén 1a F(5; 4) = 32.

Vay ngudi ta can mua 5 tan nguyén liéu loai | va 4 tan nguyén liéu loai I dé
chi phi la nhé nhét.

C-Baitap

2.6. Biéu dién mién nghiém clia cac hé bat phuong trinh sau trén mét phang
toa dé:

(v <
J X = -1 { x>0 b=
X <3
a): y=20 b) ; ya0 C) 1
X >-1
lx+ys4; [x—y—4<0;
y =2 -2
2.7. Tim gia tri 16n nhat va gia tri nho nhat cla biéu thire F(x; y) = 2x + 3y Voi (X; )
{x +y<6
thudc mién nghiém ctia hé béat phwong trinh 1 x20
y = 0.

2.8. Tim gia tri I6n nhéat va gia tri nhd nhat cta biéu thirc F(X; y) = 4x — 3y trén
X+y=-4

X+y <95

X—-y<5

X-y=-4

mién nghiém cla hé bat phwong trinh -

2.9. Trong mét cuéc thi pha ché, méi déi choi dwoc sir dung téi da 12 g
hwong liéu, 9 lit nwdc va 315 g dudng dé pha ché hai loai nuéc A va B.
Pé pha ché 1 lit nwdc A can 45 g dudng, 1 lit nwdc va 0,5 g hwong liéu;
dé pha ché 1 lit nuéc B can 15 g duong, 1 lit nwéc va 2 g huong liéu. Méi
lit nwéc A nhan duoc 60 diém thudng, méi lit nwéc B nhan duwoc 80 diém
thudng. Hoi can pha ché bao nhiéu lit nwédc méi loai dé déi choi duwoc sb
diém thwdng la 16n nhéat?

23



BAI TAP CUOI CHUONG II

A - Trac nghiém

2.10. Trong céc’bét phuong trinh sau, bat phuong trinh nao la bat phuong trinh
bac nhat hai an?
A. 2x%2 +3y > 4. B. xy + x < 5.
C.3%x+ 4%y > 6. D. x+y> <38

2.11. Trong cac hé béat phuong trinh sau, hé bat phuong trinh nao la hé béat
phuong trinh bac nhéat hai an?

2X + 3y > 4 [ X+y>4
A g 5 B.< 4 5
2%x +3y2 < 1. |28x + 32y <1.
[ X 53 { X—y =3
C y<2 D. { y<1
1x+y2y2. [x+y2x+xy.

2.12. Biém nao duéi day thudc mién nghiém cla bat phuong trinh 2x + 5y < 10?
A (5. 2). B. (—1: 4).
C.(2;1). D. (-5; 6).

2.13. Diém nao dudi day khéng thudc mién nghiém cta bat phuong trinh
2x — 3y > 137?
A (1: -5), B.(2;-4).
C. (3:-8). D. (8: 1).

2.14. Cho bat phuong trinh x + 2y < 3. Khang dinh nao sau day la dung?

A. Mién nghiém cla bat phwong trinh 1a nira mét phang b& d: x + 2y = 3 chira
gbc toa dd.

B. Mién nghiém cla bat phwong trinh la nlra mat phang bd o x + 2y = 3
khéng chira géc toa do.

C. Mién nghiém cla bét phwong trinh la nlra mat phang bo d: x + 2y = -3
chira géc toa dé.

D. Mién nghiém cua bat phwong trinh 1a nlra mat phéng bé d: x + 2y = -3
khéng chira géc toa do.
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X+y<2
2.15. Céap sb nao dudi day la nghiém clia hé bat phuong trinh {x — 2y > 4 ?

X >0
A (~1: 2) B. (-2; -4).
C. (0; 1). D. (2: -4).
-X+y<2
2.16. Diém nao duwéi day thude mién nghiém clia hé bat phwong trinh { x — 2y >17?
y <0

A.(-3; 2). B. (0; 1).

C. (4 1), D. (-2: 2).

2.17. Mién nghiém cla hé bat phwong trinh nao dwdi day la mién tam giac ABC
(mién khéng bi gach)?
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X =-1
2.18. Mién nghiém cla hé bat phuong trinh {x +y <0 la

y=20
A. M6t nira mé&t phang. B. Mién tam giac.
C. Mién ttr giac. D. Mién ngi giac.
[x+y£1
2.19. Mién nghiém cla hé bat phuong trinh |-3< y <3 |a
I—S <X<3
A. Mién luc giac. B. Mién tam giac.
C. Mién tir giac. D. Mién ng giac.
(x +y <10
2.20. Mién nghiém cla hé bat phuong trinh :-3< y < 3 |a
l—3 =SX<3
A. Mién luc giac. B. Mién tam giac.
C. Mién tt giac. D. Mién ngi giac.
2.21. Gia tri I6n nhét cla biéu thire F(x; y) = 3x + ¥ Vi (x; y) thuéc mién nghiém
( x 2 -1
clia hé batphwong trinh {x +y <2 la
l y =20
A. -3 B. 6. C.5. D. 8.
2.22. Giéa tri nhé nhat cta biéu thirc F(x; y) = —x + 4y véi (x; y) thudc mién nghiém
(%2
s ol . X<2
cua hé bat phwong trinh la
y=20
y <3
A 2. B.3. G, D. 4.
2.23. Tbng cla giéa tri I6n nhéat va gia tri nho nhéat ctia biéu thie F(x; y) = x + 5y
J—2 <y<2
Vvéi (x; y) thudc mién nghiém clia hé bat phuong trinh { x +y < 4 1a
ly—xs4
A. -20. B. 4. C. 28. .16
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2.24. M6t hop tac x& chan nuéi dy dinh trén hai loai thirc @n gia stic X va Y dé
tao thanh thirc &n hén hop cho gia stc. Gia mét bao loai X la 250 nghin déng,
gia mét bao loai Y 1a 200 nghin déng. Mé&i bao loai X chita 2 don vij chét dinh
dudng A, 2 don vij chét dinh duéng B va 2 don vi chat dinh dwdng C. Méi bao
loai Y chira 1 don vj chéat dinh duéng A, 9 don vi chat dinh dwéng B va 3 don
vi chét dinh dwéng C. Tim chi phi nhd nhat @& mua hai loai thirc an gia suc X
va Y sao cho hén hop thu duoc chira tdi thiéu 12 don vi chat dinh duéng A,
36 don vi chat dinh duéng B va 24 don vi chat dinh duéng C.

A. 1,95 triéu déng. B. 4,5 triéu déng.
C. 1,85 triéu ddng. D. 1,7 triéu ddng.
B - Tu luan

2.25. Biéu dién mién nghiém clia cac bat phwong trinh bac nhét hai 4n sau trén
mat phang toa dé:

a) X+y=-4 b) 2x -y <5,
C) X+2y <0 d) —x + 2y > 0.

2.26. Biéu dién mién nghiém cua cac hé bat phuong trinh bac nhéat hai an sau
trén mat phang toa dé:

[Osxsm (Osys1 J x>0
a): y>0 b) ix+y<2 c) +4x -6y <0
lx—y>4; 1y—xs2; 12x—3y21.
2.27. Tim gia tri I6n nhat va gia tri nhd nhét ctia biéu thire AXx; y) = 2x + 3y Véi (X; y)
([y 211
A o T . y <1
thuéc mién nghiém cua hé bat phwong trinh ¢
X+y<4
y—-x<4

2.28. M6t phan xwdng co hai may chuyén dung M, va M, dé san xuat hai loai
san pham A va B theo don dat hang. Néu san xuat dwoc mot tan san pham
loai A thi phan xwdng nhan duwoc sé tién 14i 1a 2 triéu dong. Néu san xuét duoc
mot tan san pham loai B thi phan xwdng nhan dugc sé tién 15i la 1,6 triéu dong.
Mubn san xuat mét tan san pham loai A, nguoi ta phai dung may M, trong 3 gid
va may M, trong 1 gio. Mubn san xuat mét tan san pham loai B, ngudi ta phai
dung may M, trong 1 gi& va may M, trong 1 gio. M6t may khéng thé dung dé
san xuat dong thoi hai loai san phédm. May M, lam viéc khéng qua 6 gie mét ngay
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va may M, lam viéc khéng qua 4 gio mét ngay. Hai s6 tién 18i Ion nhat ma
phan xwdng nay cé thé thu duoc trong mét ngay la bao nhiéu?

2.29. Gia str mét nguoi an kiéng can duoc cung cép it nhat 300 calo, 36 don vi
vitamin A va 90 don vij vitamin C mé&i ngay tt hai loai d6 udng [ va Il. Méi cbc
@6 udng / cung cép 60 calo, 12 don vj vitamin A va 10 don vj vitamin C.

Méi cbc d6 udng /I cung cap 60 calo, 6 don vi vitamin A va 30 don vj vitamin C.
Biét rang mét coc d6 uong / cé gia 12 nghin dong va mét coc do uong I/ co gia
15 nghin dong.

a) Goi x va y twong tng la sb coc d6 udng / va Il. Viét cac bat phuong trinh biéu
thi cac diéu kién cla bai toan thanh mét hé bat phuong trinh va xac dinh mién
nghiém cuia hé do.

b) Goi F (nghin ddng) |a sb tién phai tra cho x cdc @6 udng / va y cdec a6 udng /.
Hay biéu dién Ftheo x va y.

c) Biét rang F dat gia ti nhé nhéat trén mién nghiém tim dwoc & cau a tai mot
trong cac dinh clia mién nghiém, tim gia tri nho nhéat d6. Tt d6 suy ra nguoi
d6 can uong bao nhiéu coc loai / va loai /I € chi phi la nhd nhat ma van dap
tthg duoc yéu cau hang ngay.
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- CHUONG III

HE THUC LUONG TRONG TAM GIAC

< BAI5 _
GIA TRI LUONG GIAC CUA MOT GOC
TU 0° DEN 180°

A - Kién thic can nhé

1. Diém M(Xq:ys) ném trén nira
duong tron don vi sao cho
XOM = o. (H.3.1).

Khi d6:
sino = Yo, COSa = Xg,

tana = =% (o % 90°), L X
COsS O

cotor = Z5% (0 % 0°, o = 180°),
sino Hinh 3.1

tano = (o {0° 90°; 180°}).

coto
2. Khi oo = 0° thi sina. =0, cosa = 1.
Khi o = 90° thi sina =1, cosa = 0.
Khi 0° < < 90° thi O <sinae<1 0<cosa <1 tane >0 va cota > 0.

Khi 90° < 0. < 180° thi 0 < sina. <1 -1<cosa <0, tana < 0 va cota < 0.
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3. Bang gia tri luong giac (GTLG) clia mét sb goc dac biét can nhé

GOC (o} (o] (o] (o] (o] (o] (o] (o]
GTLG 0 30 45 60 90 120 135 150 180
. 1 1 NG 3 1 1
sin 0 — —_ | == 1 X | —-= — 0
2 | V2 | 2 2 | 2 | 2
N 1 1 1] &3
1 —_— _— - 0 —_— | = | -—— -
COS 5 \/E 5 > \/§ > 1
tan o | - | 1 J3 [ J3 M L
V3 B R V3
cot [ NG L oo [-L| 3|l
J3 J3
Bang 3.1. Gia tri lwgng giac cua mét sb goc dac biét
4. Tinh chéat

a) Gia tri lwgng giac clia hai géc phu nhau:
sin(90° — o) = cos, cos(90° - ) = sina,
tan(90° - o) = cot o, cot(90° - o) = tan .
b) Gia tri lvgng giac cua hai géc bu nhau:
sin(180° - «) = sina, cos(180° — o) = —cosa,
tan(180° — ) = —tana, cot(180° — «) = —coto.
c) Hé thirc co han (bai tap 3.3, SGK Toan 10, tap mét):

sin o + cos? o, = 1

1+ tan® o = — (or # 90°)
COS™ «
1+ cot® o = — (0° < o < 180°).
SIN™ o
tana - cota =1 (0°< o < 180°, o # 90°).

B - Vidu
Vi du 1. Khéng dung may tinh, tinh gia tri cla céac biéu thirc sau:

a) A = sin45° - cos135° + cos60° - sin150° — cos30° - sin120°;
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b) B = tan135° + cot60° - cot30° - tan 60° - tan 150°;
¢) C = 2sin60° - tan150° - cos180° - cot 45°.

Giai

a) T Bang 3.1 ta thay

sin45° = S -c0s135°, cos60° = L sin150° va cos30° = E = sin120°.
2 2 2
,
Tlll’désuyraAzi-L—L +1.1_£.£:_1+1_§:_1
U222 2 2 2 4 4
1
b) Do tan135° = -1, cot60° L cot30° = tan60° = /3, tan150° = ——
! 7 7
A 1 (
nén B = -1+ —=-+/3 - /3 L —)_1
V3 v3)
(o] Jg (o] 1 (o] A (o]
¢) Cling t&r Bang 3.1, sin60 == tan150 _ﬁ’ cos180” = -1 va cot45” =1.
Suy ra
A
czz‘ﬁ.[_L ~(~1)-1=0
2 3)

Chu y. Néu dé y dén mai lién hé gira cac géc co trong biéu thirc, nhu cac géc
bl nhau, cac géc phu nhau, thi ta cé thé giai bai toan theo cach sau:

a) Do 135° = 180° - 45°, 150° =180° - 30°, 120° = 180° - 60° nén
A = sin45° . (—cos45°) + cosB0° - sin30° — cos30° - sin 60°

1 (1), 11 B3 B 1.1.3
22 2 2 2 4 4

b) Do 135° = 180° — 45°, 60° = 90° —30°, 150° = 180° - 30° nén
B =-1+1-tan60° - (~tan30°) = 1.
c) Do 150° = 180° - 30° nén
C = 2sin60° -(—tan 30°) - c0s180° - cot 45°

:z.g(_%]_(q)w:o.
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Vidu 2. Cho géc o, 0° < a < 180° thod man coso. = —%.

a) Tinh tana.
b) Tinh gia tri clia biéu thirc P = tan o + 2coto.

Giai
a) Do cosa = 1 <0 nén o lagoctuva tana = —J 12 ~1=-2/2.
3 Cos” o
b) Do tano -cota =1 va tana = ~232 nén coto. = 1 va bdi vay
22
1 5
P=-22+2.|-—|=-—.
[ 2J§] V2
Nhén xét. Khi tinh tano tlr coso nh¢ déng thic 1+ tan? o = —— sai lam
COs” o

thudng gap cua hoc sinh la mac dinh coi tano = , 12 -1 ma quén mét
cos“ o

tano < 0 khi o la goc tu.

C-Baitap

3.1. Tinh gia tri clia cac biéu thure:
a) A =sin45° + 2sin60° + tan120° + cos135°;
b) B = tan45° - cot135° — sin 30° - cos120° — sin60° - cos150°;
c) C = cos?5° + cos? 25° + cos? 45° + cos?65° + cos? 85°;

_ 1z
1+ tan? 73°
-2tan 40° - cos60° - tan50°;

d) D ~ 4tan75° - cot105° + 12sin? 107°

5cot? 108°

— 2180+5sin272°.
+ 1an

e) E = 4tan32° - cos60° - cot 148° +

3.2. Cho goc a, 90° < o < 180° thod mén sino. = % Tinh gia tri clia biéu thirc

F tana + 2cot o
tano + coto
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3.3. Cho goéc o thoa mén 0° < o< 180°, tanc. = 2. Tinh gia tri clia cac biéu thirc sau:
a) G = 2sina + coso,

2sino + coso.

by H = == .
SIN — COS O

3.4*. Cho goc o thoa man 0° < o < 180°, tana = +/2. Tinh gia tri clia biéu thirc

_sin®a + sino - cos® o + 2sin® o - cos o — 4 cos® o
sino — cos o, '

K

3.5. Chrng minh rang:
a) sin* o + cos* o = 1- 2sina - cos? ¢;

b) sin® o + cos® o = 1-3sin? o - cos? ot ;

c*) Vsin® o + 6cos? o + 3 + ¥cos* o + 4sinZ o = 4.

3.6. Goc nghiéng clia Mat Troi tai mét vi tri trén Trai Dat la goc nghiéng gitra tia
néng lac gitra trea voi méat dat. Trong thuc té, dé do trwc tiép goc nay, vao
gitta trua (khoang 12 gid), em cé thé duwng mét thwdce thdng vuéng goc Voi
mat dat, do do dai clia bong thudce trén mat dat. Khi do, tang clia géc nghiéng
Mat Troi tai vi tri dat thude bang ti sé gitba d6 dai cla thuwdce va dd dai clia
béng thuéc. Géc nghiéng clia Mat Troi phu thudc vao vi d6 cua vi tri do va
phu thudc vao thei gian do frong ndm (ngay thtr may trong nam). Tai vi tri ¢
vi @6 ¢ va ngay th&r N trong nam, géc nghiéng ctia Mat Troi o con duoc tinh
theo cdng thire sau:

o=90°-¢- .23,5°

cos ((% - mj 1 80°j

N

trongdém=0néu 1<N<172, m=1néu 173 <N<355 m=2néu 356 <N <365.

a) Hay ap dung céng thirc trén dé tinh géc nghiéng clia Mat Trai vao ngay 10/10
trong nam khéng nhuén (nam ma thang 2 cé 28 ngay) tai vi tri cé vi dé ¢ = 20°.

b) Hay xac dinh vi dd tai noi em sinh séng va tinh géc nghiéng ciia Mat Troi
tai d6 theo hai cach da duoc dé cap trong bai toan (do truc tiép va tinh theo
cong thirc) va so sanh hai két qua thu duoc.

Chuy. Céng thirc tinh toan néi trén chinh xac t¢i +0,5° .

Goc nghiéng clia Méat Troi 6 anh hudng t6i su hép thu nhiét tv Mat Troi cua
Trai Dat, tao nén cac mua trong nam trén Trai Dat, chang han, vao mua he,
goc nghiéng I&n nén nhiét dé cao.
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«. BAI6 _ o
HE THUC LUQNG TRONG TAM GIAC

A - Kién thdc can nhé

Quy wéc, ki hiéu. V6i tam giac ABC, ta thuwdng str dung cac ki hiéu sau:

a b c - Pdb dai cac canh BC, CA, AB

h,, hy, h, . D6 dai dwong caokétlr A B, C

p= % . Ntra chu vi clia tam giac

S . Dién tich cua tam giac

R, r . Ban kinh duéng tron ngoai tiép, ban kinh dwdng tron noi tiép
m,, My, M, : DO dai duong trung tuyén ké tr A, B, C.

Dinh li césin. Trong tam giac ABC, ta cé a® = b? + ¢ — 2bccosA.

a b ¢
snA sinB sinC

Dinh li sin. Trong tam giac ABC, ta co 2R.

Cac cong thire tinh dién tich:

1 1 abc

S= Eaha = EabsinC - lde JP(p-a)p-b)p-c)

B - Vidu

Vidu 1. Chotam giac ABCcba=8,b=9,c=6.
a) Tinh s do cac goc cla tam giéc.

b) Tinh dién tich, ban kinh dwdng tron ngoai tiép, ban kinh dwdng tron ndi tiép,
dé dai cac dudng cao cua tam giac.

Giai
a) Ap dung dinh li césin, ta co

b*+c?-a® 81+36-64 53

COSA = = .
2bc 2-9.6 108

Suyra A = 60°36'39”".

Hoan toan twong tw, tinh duoc B =~ 78°35'5", C ~ 40°48'16" .
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b) Do a=8,b=9 ¢ =6 nén tam gidc ABC c6 nirachuvi p= ot 2+0 _ 23

2 2
7 5 . M Lo L A .
Suyra p-a =7 p—b:E va p-cC == T d6, theo céng thirc Heron ta
duoc dién tich cia tam giacla S = J§ Z . é : ﬂ = /8855 )
2 2 2 2 4
Suy ra ban kinh duéng tron ndi tiép r = % = Bf:5 va ban kinh dudng tron
ngoai tiép R = ane o2
' 48 8855’

Nhan xét

— Pinh li césin gitp ta giai tam giac trong trudng hop biét ba canh clia tam giac
hodc biét hai canh va goc xen gilta hai canh d6 (bai tap 3.8 va 3.9).

— TW cosA = E str dung hé thirc co ban (bai tap 3.3, SGK Toan 10, tap mét),

108
/8855
108

78855
Y

tinh duoc sin A =

. Tt @6, str dung cong thirc S = %bcsinA ta cling

thu duoc S =

Vi du 2. Cho tam giac ABCc6 A =15° ¢ =6 va B = 120°.
a) Tinh d6 dai cac canh a, b.
b) Tinh d dai ban kinh dwéong tron ngoai tiép tam giac va dién tich clia tam giac.
c¢) Tinh d6 dai dudng cao h,.
Giai
a)Do A =15° B =120° nén C = 180° — A - B = 45°.
Ap dung dinh li sin ta dwoc:

a=—C_.sinA=—0 _.sin15° =3(y3-1),
sin sin 45°
b-—C_.sinB=—C2_.sn120° = 36
sinC sin 45°
b) Theo dinh li sin, ban kinh dwéng tron ngoai tiép cla tam giac la
C 6 _ 3\/5.

" 2sinC  2sin45°
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Doa=3(3-1),b=3J6¢c=6vaR=23J2 nén

S_abc_3(J§—1)‘3\/E_3-6_9\/§(J§—1)
4R 4.32 - 2 '

25 9f3({3-1) _
a 3(/3-1) -3

c) Tl két qua cla phan b), suyra h, =

Nhan xét

— Pinh li sin gitp ta giai tam giac trong truedng hop biét hai goc va mét canh clia
tam giac.

— O phan b) cling co thé sir dung céng thirc S = %absinc dé tinh dién tich cla
tam giac.

Vi du 3. Cho tam giac ABC. Chirng minh rang:

Giai
a) Goi Mla trung diém cla BC. Khi d6 m, = AM. C6 hai trudng hop sau xay ra:

Truong hop 1. b = ¢. Trong trwdng hop nay AM cling chinh la dwong cao ké

tir A clia tam giac. Dodo m? = AC?> ~CM? =p* - = =——— - Z_

Trirong hop 2. b # ¢. Khnéng mét tinh tdng quat, xét truong hop b < ¢ (H.3.2),
trirong hop con lai chirng minh twong tu.

Goi D la chan duwdng cao ké tir A. Do b < ¢ nén D thuéc tia MC.
Ap dung dinh li Pythagore cho tam giac ADB, ta c6

AB2 = BD? + AD? = (BM + MD)* + AD? A
=BM? +2-BM - MD + MD? + AD?.

Suyra AB? =BM? +2.-BM-MD + AM?. (1)

Mot cach twong tu, ap dung dinh Ii Pythagore

cho tam giac ADC, cling duwgc

AC? = AD? + (MC - MD)? 8 M o_l ¢

= MC? -2.MC - MD + AM>. (2) Hinh 3.2
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Tw (1) va (2) suy ra

AB? + AC? = (BM2+CM2)+2(BM MD - CM - MD) + 2AM?
= (BM? + CM?) + 2AM?
> b?+c? a?
hay m, = 71

b) T cong thirc tinh dién tich tam giac suy ra
1 p a b c 1 1

1
r S 28 25 28 h, h, h,

Nhan xét

b? +c? a2

— Cong thure ma2 = vy cho phép ta tinh dwoc d6 dai dudng trung tuyén

clia mét tam giac, khi biét ba canh cla né. C6 thé thu duoc céng thirc nay
bang cach lam nhu trong bai 3.16 (Toan 10, tap mét).

— Néu goi E la diém dbi xing v&i A qua M, thi t& giac ABEC la mét hinh binh
hanh v&i hai dudng chéo BC, AE. Khi do céng thue tinh dé dai dudng trung

tuyén & phan a) tré thanh BC? + AE? = AB? + BE? + EC? + CA.
Vi du 4. Cho tam giac ABC c6 cac goc thoa mén sinC = 2-sinB - cosA. Ching
minh rang tam giac ABC la mét tam giac can.
Giai
Ap dung cac dinh li sin va césin, ta co
b? +¢c? - &2
2bc
esc?=p+c?’-a’=a=>b

SinC = 2sinBCosA « ¢ = 2bCcosA < ¢ =2b-

Vay tam giac ABC can tai C.

Vi du 5. Dé do chiéu cao clia mét tda nha, ngudi ta chon hai Q’iém A va B thang

hang v&i chan C clia toa nha, cach nhau 15 m. Sir dung giac ké, tr A va B tuong

ttng nhin thay dinh D clia tda nha duéi cac goc 35° va 40° so vdi phuong ndm

ngang. Héi chiéu cao clia tda nha do duoc la bao nhiéu mét?

Giai

Do CBD = 40°, BAD = 35° nén ADB = 40° - 35° = 5° (H.3.3). Ap dung dinh Ii
AB

sin cho tam giac ABD ta dwgc BD = ——-sinA =
sinD sin5°

- sin35°.
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Tir d6 suy ra chiéu cao clia tda nha bang

h=CD=BD-sinCBD = -sin35° - sin 40°

sin5°
= 63,45 (M).
D
h=?
35° 40°
A15m B C
Hinh 3.3

Nhan xét. Viéc str dung cac hé thirc lrong trong tam giac gidp ta cé thé giai duoc
nhitng bai toan vé do dac trong thuc té, nhu do chiéu cao cla mot vat thé, do
khoang céach gitta hai diém ma khéng thé do truc tiép duoc (xem bai tap 3.10,
3.11,3.12).

C - Baitap
3.7. Cho tam giac ABC co6 A = 45°, C = 30° va ¢ = 12.
a) Tinh d6 dai cac canh con lai ciia tam giac.
b) Tinh d6 dai ban kinh duéng tron ngoai tiép cla tam giac.
¢) Tinh dién tich ctia tam giac.
d) Tinh dé dai cac duong cao clia tam giac.
3.8. Tamgiac ABCc6 a=19, b =6 va ¢ = 15.

a) Tinh cosA.

b) Tinh dién tich tam giac.

¢) Tinh @6 dai dwong cao h,.
)

d) Tinh d6 dai ban kinh duéng tron néi tiép clia tam giac.
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3.9. Cho tam giac ABC c6 a = 4, C =60° b =5.

a) Tinh cac géc va canh con lai clia tam giac.
b) Tinh dién tich cta tam giac.
c) Tinh @0 dai dwéng trung tuyén ké tir dinh A clia tam giac.

3.10. M6t tau ca xuat phat tir dao A, chay 50 km theo huéng N24°E dén dao B
dé lay thém ngu cu, réi chuyén hudng N36°W chay tiép 130 km dén ngu
trwong C.

a) Tinh khoang cach tr vi tri xuat phat A dén C (lam tron dén hang don vi,
theo don vi do kildmét).
b) Tim hudng tir A dén C (1am tron dén hang don vi, theo don vi d6).

3.11. Mét tau du lich xuét phat tr bai bién D6 Son (Hai Phong), chay theo hudng
N80°E vé6i van tbc 20 km/h. Sau khi di dwge 30 phut, tau chuyén sang
hudng E20°S gilr nguyén van téc va chay tiép 36 phut nira dén dao Cat Ba.
Hoi khi @6 tau du lich cach vj tri xuét phat bao nhiéu kilémet?

3.12. M6t cay cb thu moc thdng ding bén 1& mét con dbc cé d6 déc 10° so voi
phwong ndm ngang. Tir mét diém dwdi chan déc, cach gée cay 31 m nguwdi ta
nhin dinh ngon cay dwdi mét goc 40° so véi phuong ndm ngang. Hay tinh
chiéu cao cla cay.

3.13. Cho tam giac ABC. Chitng minh rang:

a?+b%+c?
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a) cotA + cotB + cotC =
b) m§+m§+m§=%(a2+b2+02).

3.14. Cho tam giac ABC c¢6 hai trung tuyén ké tir A va B vuéng goc.
Chlng minh rang:
a) a® + b® = 5¢;
b) cotC = 2(cot A + cotB).

SNA _sinB _sinC . & 4o

2 B

3.15. Cho tam giac ABC c6 cac goc thoa man

cac goc cua tam giac.

3.16. Cho tam giac ABC c6 S = 2R?sinAsinB. Chirhg minh réng tam giac ABC
la mét tam giac vudng.
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BAI TAP CUOI CHUONG III

A - Trac nghiém
3.17. Tam giac ABC c6 A = 15°, B = 45°. Gia trj clia tanC béng

1 1
A 3. B. 3. C. el D. s

3.18. Trén mét phang toa d6 Oxy, lay diém M thudc ntra duwdng tron don vi sao
cho XOM = 135°. Tich hoanh d6 va tung d6 cla diém M béng
1 1 1 1
A ——. B. —. C. ——. D -———.
22 2 2 242
3.19. Trén mat phang toa dd Oxy, lay diém M thudc nlra dwdng tron don vi sao cho
XOM = 150°. N'1a diém d6i xtrng v6i M qua truc tung. Gia tri clia tan XON bang

1 1
A —. B. ——. C. 3. D. —/3.
v3 V3
3.20. Cho géc nhon a. ¢ tana = % Gia tri cuia tich sino. - coso. bang
N3 B. 12 c. 2 p. 2.
3 25 12 4

3.21. Cho goc o (0° < & < 180°) thoa mén sina + coso. = 1. Gia tri clia cota 12
A 0. B. 1. C. —1. D. Khéng tén tai.

3.22. Cho goc o thoa man sina + coso = J2. Giatri ctia tano. + coto la
A 1. B.-2. C. 0. D. 2.
3.23. Trén mat phang toa d6 Oxy lay diém

M thudc nira dwong tron don vi, sao cho

cos XOM = -% (H.3.4).

Dién tich clia tam giac AOM bang

A2 B. 2 1 2
5 5 A
3 3

C. = D. —. i
5 10 Hinh 3.4
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3.24. Trén mé&t phang toa dd Oxy lay diém

M thudc ntra dwong tron don vi, sao cho 4
XOM = 150° (H.3.5). LAy N d6i xtrng Vi
M qua truc tung. Dién tich cla tam giac
MAN bang M N
A. ﬁ B. ﬁ nE X
4 2 0 A
C. 3. D. 24/3.
Hinh 3.5

tana + 2cota
2tano + 3coto

3.25. Cho coso = % Giatricta P =

A L B oL
33 33

c 1 D
2 33

3.26. Tam giac ABC c6 a =2, b =3, ¢ = 4. Ban kinh duéng tron ngoai tiép cla
tam giac ABC la

2 J15
c. RN D.R=—2_.
6 J15
3.27. Tam giac ABC c6 a = 4, b =5, ¢ = 6. D6 dai dwong cao h, bang
AT B 3
2 247
c. A D, 3.
4 47
3.28. Cho tam giac ABC c6 a= 20, b= 16 va m, = 10. Dién tich clia tam giac bang
A. 92. B. 100.
C. 96. D. 88.
3.29. Tam giac ABC c6 a=14, b=9 va m, = 8. Do dai dudng cao h, bang
p 25 g 1245
7 7
C. 1245. D. 2445.

41



3.30. Tam giac ABC c6 A = 45° ¢ =6, B = 75°.

D6 dai duong cao hy, bang

3

A. 32 B. —.
2

C. 632, D. 24/3.

3.31. Tam giac ABC co A = 45°, ¢ = 6, B = 75°.
P dai ban kinh duwdng tron ngoai tiép clia tam giac bang
A. 843 B. 243.
C. 643. D. 443.

3.32. Tam giac ABC co dién tich S = 2R? . sinBsinC, véi R la d6 dai ban kinh
dudng tron ngoai tiép clia tam giac. S6 do goc A bang

A. 60°. B. 90°.
C. 30°. D. 75°

3.33. Tam giac ABC co6 AB = /5, AC =2 va C = 45°.

Do dai canh BC bang
A. 3. B. 2.

C. 3. D. /2.

3.34. Tam giac ABC co C = 60°, AC = 2 va AB = /7.

Dién tich clia tam giac ABC bang

A. g B. 34/3.
C. % D. /3.

3.35. Tam giac ABC co A=60° AB =3 va BC = 33.

Do dai ban kinh dwdng tron ndi tiép cla tam giac ABC la

A 3(J3 - 1) 5 3(\3+1)
T =
c.%. D. 3 -1.

42



3.36. M6t ca né xuéat phat tir cang A, chay theo hwdng ddng véi van tdéc 60 kmh.
Cung luc d6, mét tau ca, xuét phéat tir A, chay theo hwéng N30°E véi van tdc
50 km/h. Sau 2 gi¢, hai tau cach nhau bao nhiéu kilémét?

A. 110 km. B. 112 km.

C. 1114 km. D. 110,5 km.

3.37. M6t ngudi dung trén dai quan sat dat
& cubi mot dwong dua thang. O d6 cao
6 m so voi mat dwdng dua, tai mét thoi
diém nguoi d6 nhin hai van déng vién A
va B dudi cac goéc twong (rng 1a 60° va
30°, so v&i phwong nam ngang (H.3.6).
Khoang céach gilra hai van déng vién A
va B (lam tron dén hang don vi, theo don
vi mét) tai thoi diém do la

M
|
[
|
[
|
|
[
|
[
|
[

A.8m. B. 7m.
C.6m. D.9m.
B - Tu luan

3.38. Chogoctu o co sina = %
a) Tinh coso, tan o, coto.
b) Tinh gia tri clia cac biéu thirc
A = sina - cot(180° - o) + cos(180° - &) - cot(90° - o);

3(sina + JE : cosa) -2
sino —+2 -coso.

-3
-2

B =

3.39. Cho sin15° =

a) Tinh sin75°, cos105°, tan165°.
b) Tinh gia tri clia biéu thirc
A = sin75° - cos165° + cos105° - sin165°.

3.40. Cho tam giac ABC c6 AB=1,BC=2va ABC = 60°. Tinh d6 dai canh va
sb do cac goc con lai clia tam giéac.
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3.41. Chotam giac ABCcdé c=1a=2va B = 120°.

a) Tinh b, A, C.
b) Tinh dién tich clia tam giac.
¢) Tinh d6 dai dudng cao ké tir B clia tam giac.
3.42. Chotam giac ABCcé a=3, b=5vac=".
a) Tinh cac goc clia tam giac, lam tron dén dé.
b) Tinh ban kinh dwdng tron ndi tiép va dudng tron ngoai tiép clia tam giac.

3.43. Cho tam giac ABC c6 B = 45°,C = 15° va b = /2. Tinh a, h,.

3.44. Cho tam giac ABC,c6c=5, a= 8va B = 60°,

a) Tinh b va sb do cac goc A, C (s do cac goc lam tron dén hang don vi, theo
don vi d9).

b) Tinh d6 dai duong cao ké tir B.
¢) Tinh @6 dai trung tuyén ké tir A.
3.45. Cho tam giac ABC c6 B =15°,C =30° vac= 2.
a) Tinh sb do goc A va do dai cac canh a, b.
b) Tinh dién tich va ban kinh dwéng tron ngoai tiép clia tam giac.
c) L&y diém D thudc canh AB sao cho BCD = DCA (ttrc CD la phan giac cla
goc BCA). Tinh d6 dai CD.

3.46. Trén bién, mét tau ca xuét phat tr cang A, chay vé phwong déng 15 km t6i B,
rdi chuyén sang hwéng E30°S chay tiép 20 km nira tdi dao C.

a) Tinh khoang céach tir A t6i C (lam trén dén hang don vi, theo don vi kilémét).
b) Xac dinh hudng tir A t&i C (lam tron dén hang don vi, theo don vi dd).

3.47. Trén swon doi, voi d6 déc 12% (d6 ddc clia swon ddi dwoc tinh bang tang
Ct’{a goc nhon tao bdi swdn qéi véi phuong nam ngang) cé mét cay cao moc
thang dung. O phia chan doi, cach géc cay 30 m, nguwoi ta nhin ngon cay
dwéi mét géc 45° so véi phuong ndm ngang. Tinh chiéu cao clia cay d6 (lam
tron dén hang don vi, theo don vi mét).
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CHUONG 1V

VECTO

. BAI7 _
CAC KHAI NIEM MO PAU

A - Kién thic can nhé

1.

Vecto l1a mét doan théng c6 huéng, nghia la, trong hai dau mut cla doan
thdng, d& chi roé diém dau, diém cudi.

Do dai clia vecto la khoang cach gitra diém dau va diém cudi clia vecto do.

Pudng thang di qua diém dau va diém cudi clia mét vecto duoc goi la gia cla
vecto do.

Mt vecto hoan toan dwoc xac dinh khi biét huwéng va dé dai cla no.

Hai vecto dugc goi la cung phuong néu ching cé gia song song hodc
trung nhau.

Pai v6i hai vecto cling phuwong thi ching cung huéng hodc ngugc hudng.
Hai vecto duoc goi la bang nhau néu chung cé cung @é dai va cung hwéng.
Vecto - khéng la vecto c6 diém dau va diém cudi trung nhau.

Vecto 0 co dd dai bang 0, cung phuong véi moi vecto, cung hwdng véi moi
vecto.

B-Vidu

Vi du 1. Cho hinh thoi ABCD. Goi O la giao diém cla hai dwdng chéo AC, BD.
Xét cac cap vecto: AB va DC, DA va BC, BC va CD, OA va CO, BO va DO.
a) Hay chi ra mdi quan hé vé phuong, huéng va dd dai cla cac vecto trong méi

cap trén.

b) Trong cac cép trén, cé bao nhiéu cap gém hai vecto bang nhau?
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Giai (H.4.1)

a) Do tir giac ABCD la hinh thoi, nén cac cap
canh ddi dién song song va bang nhau, hai
duwdng chéo cét nhau tai trung diém cua
moi duong. Tu do6

— Hai vecto AB va DC cung hwdng va
cung dé dai;

— Hai vecto DA va BC nguoc hudng va Hinh 4.1
cung dé dai;
— Hai vecto BC va CD khéng cung phuong, nhung cé d6 dai bang nhau;
— Hai vecto OA va CO cung hwdng va cung doé dai;
— Hai vecto BO va DO cuing do dai, nhwng nguwoc hudng.
b) Theo két qua clia cau a,
— Do hai vecto AB va DC cung hwéng va cung do dai, nén AB = DC:
— Do hai vecto OA va CO cung hudng va cung dé dai, nén OA = CO;
— Do hai vecto DA va BC co cung do dai, nhwng ngugc hudng nén DA va
BC khong béng nhau. Twong tw, BO va DO khéng béng nhau;

— Do hai vecto BC va CD khong ciing phuong, vi vay BC va CD khéng
bang nhau.

Vay, tfrong nhitng cap vecto duoc xét, cd 2 cap gom hai vecto bang nhau, dé
la AB va DC; OA va CO.

Vi du 2. Cho tam giac ABC. Vé cac duong trung tuyén AD, BE, CF cla tam giac
(De BC, Ee CA, F e AB). Xét céc vecto c6 dau mut duoc lay tir cac diém A, B,

G D.E F.
Héy chi ra cac bd ba vecto khac 0 va doi mét bang nhau.

Giai (H.4.2)

Tir gia thiét suy ra D la trung diém BC, E la trung diém CA va F la trung diém AB.
Tl 6 DE, EF, FDla cac duwdng trung binh clia tam giac. Do do, hai doan thang
DE, BF song song va bang nhau, hai doan thdng DE, FA song song va bang
nhau. Suy ra cac t& giac AEDF, FEDB la hinh binh hanh. Do d6 cac vecto
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BF, DE, FA cung hudng va cing d6 dai: A

cac vecto ﬁf, @,ED cung huwong va

clng d6 dai. Boi vay BF = FA = DE va

AF = FB = ED. F E
Bang 1ap luan twong tw, cling dugc

BD =DC = FE vd €D = DB = EF:

CE = EA = DF va AE = EC = FD. B D £
Hinh 4.2
C - Bai tap

4.1. Cho tam giac ABC. Goi M la trung diém cla canh BC va G |a trong tam cla
tam giac. Trong cac khéng dinh sau, khang dinh nao la mét khang dinh dang?

a) Hai vecto GA va GM clng phuong;

b) Hai vecto GA va GM cung huwong;

c) Hai vecto GA va GM nguoc hwong;

d) D6 dai clia vecto AM bang ba lan d6 dai clia vecto MG.

4.2. Cho trwéc hai vecto khéng cung phuong a va b. Hdi co hay khéng mot
vecto clung phuong véica avab?

4.3. Chobavecto a, b, ¢ cung phuwong va cung khac vecto 0. Chirng minh rang
c6 it nhat hai vecto trong chung cé cung huéng.

4.4. Cho luc giac déu ABCDEF cé tam O. Xét cac vecto co6 hai diém mut lay tir
cac diém O, A, B,C, D, E, F.

a) Hay chi ra cac vecto khéac vecto - khéng va cung phuong véi vecto OA.
b) Tim cac vecto bang vecto AB.

4.5. Cho tam giac ABC khéng vuéng, vai triuc tam H, ndi tiép dudng tron (O).
Ké duong kinh AA' cua duong tron (O).
a) Chirng minh rang BH = A'C.
b) Goi M la trung diém canh BC. Tim méi quan hé vé phwong, hudng va dé
dai clia hai vecto AH va OM.
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4.6. Trén bién Bong, mét tau chuyén déng déu tir vi tri A theo huwdng N20° E voi

van téc 20 km/. Sau 2 gid, tau dén dugc vi tri B. Hi A cach B bao nhiéu
kilémét va vé huéng nao so vai B?

o BAIS _»
TONG VA HIEU CUA HAI VECTO

A - Kién thitc can nhé

1.

Vecto doi
Vecto déi clia vecto a, ki hiéu —a, la vecto ngugc hwdng va cung do dai voi
vecto a.

2. Quy tic céng, trir hai vecto’
— Quy tic ba diém (hay con diroc goi la quy tac tam giéc):
Vi ba diém bat ki A, B, C, ta co:
AB + BC = AC; AC - AB = BC.
— Quy t4c hinh binh hanh: Néu ABCD Ia hinh binh hanh thi AB + AD = AC.
3. Tinh chét
— Tinh chét giao hoan clia phép cong: a+b=b+a Va b
— Tinh chét két hop clia phép cong: (a+ b)+c=a+(b+c), va b, ¢
—Tinh chatcliavecto 0: a+0=0+a=a, Va
— Tinh chét clia vecto déi: a + (-a) = 0, Va.
4. Dau hiéu nhan biét trung diém doan thang, trong tam tam giac
— Mla trung diém doan théng AB khi va chi khi MA + MB = 0.
— G la trong tam tam giac ABC khi va chi khi GA + GB + GC = 0.
B -Vidu

Vi du 1. Cho hinh chit nhat ABCD v6i AB = a, AD = a+/2.

a) Tinh d6 dai clia vecto DC + BD + AB.

_— — —— —

b) Xac dinh diém M sao cho DC + BD + AB = BM.
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Giai A D
a) Do hinh ch(t nhat ABCD c6 AB = a, AD = a2
nén d6 dai hai dwong chéo AC, BD bang

Ja? + (av2)f = 243, (H.4.3a)

Theo tinh chéat giao hoan va két hop phép céng 4 c

vecto, ta co Hinh 4.3a

DC +BD + AB = AB + BD + DC A D
. ]

_ — —

=(AB +BD) + DC = AD + DC = AC.
Do d6 |DC + BD + AB| = [AC| = ay3.

b) Do DC + BD + AB = AC nén DC+BD+ AB=BM
< AC =BM (H.4.3b). Theo két qua bai tap
4.3, SGK Toan 10 tap 1, déng thuc AC = BM
twuong dwong voi t¢ giac ABMC la mét hinh
binh hanh. T d6 CM = AB = DC. Vay diém M
can tim la diém ddi xtrng véi D qua C.

Hinh 4.3b

M
Vi du 2. Cho luc giac déu ABCDEF tam O, d6 dai cac canh bang 1.
a) Chirng minh rang A B
OA + OB + OC + OD + OE + OF =0. v
b) Tinh d6 dai clia cac vecto AB +OE, AB +CD +EF. .
Giai
a) Do O la tam cla luc giac déu ABCDEF nén O la
trung diém cla cac dwong chéo AD, BE, CF E D
(H.4.4a). Hinh 4.4a
Khi @ OA + OD =0, OB + OE =0, OC + OF = 0. A 8
Suyra OA + OB + OC + OD + OE + OF = 0.
b) Theo két qua clia bai tap 4.4, ta duoc
g F C
AB + OE = FO + OE = FE (H.4.4b).
Tl d6, do d6 dai cac canh clia luc giac ABCDEF
bang 1 nén |AB + OE| = |EF| = 1. 2 Xy
Hinh 4.4b



Vi du 3. Trén Hinh 4.5 biéu dién ba luc E
/?,j, 7:; cung tac dong vao mét vat & vi tri can
b&ng O. Cho biét cwong d6 clia F, F, déu
bing 100 N va géc tao bdi F, va F, bing
120°. Tinh cuong d6 cla luc F;.

Giai

Ta st dung céac vecto OA, OB, OC va OD
l&n lwot biéu dién cho cac luc F, F,, F; va
hop luc F clia F,, F, (H.4.6).

Khi d6, do F=F +F va |[F|=|R|=100
nén t giac AOBD la hinh thoi. Tir d6, do
AOB = 120°, suy ra OAD =60°, do d6 tam
gidc AOD déu. Bdi vay |E| = oD = 04 = 100.

Do vat & vi tri can bang nén hai lyc F va E
nguoc huéng va co cudng dé bang nhau, tic
la hai vecto OD va OC la hai vecto d6i nhau.
Suy ra cudng d6 clia luc F; bang

15| = IFl = 100 (N)

C - Baitap

Hinh 4.5

Hinh 4.6

4.7. Cho hai vecto a va b khéng cling phuong. Ching minh rang

lal - |8l < la + Bl < [l + [Bl.

4.8. Cho hinh binh hanh ABCD tam O. M la mét diém tuy ¥ thudc canh BC, khéac

B va C. MO cat canh AD tai N.
a) Chirng minh réng O la trung diém MN.

b) Goi G la trong tam tam giac BCD. Chirng minh réng G ciing la trong tam

tam giac MNC.
4.9. Cho tur giac ABCD.

_ e _ _— -

b) Chiing minh rang AB + CD = AD + CB.
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4.10. Cho tam giac ABC. Gai D, E, F theo tht tw

la trung diém clia cac canh BC, CA, AB.

a) Xac dinh vecto AF —BD + CE. > F2
b) Xac dinh diém M thoa man AF — BD + CE = MA. A
¢) Chirng minh réng MC = AB.

4.11. Trén Hinh 4.7 biéu dién ba luc F, F, F, R
clng tac déng vao mot vat & vi tri can bang A.
Cho biét |F| = 30N, [F;| = 40N. Tinh cuong g6
clia luc F,. Hinh 4.7

4.12. Trén méat phang, chét diém A chiu tac dung cliaba luc £, F,, F, va & trang

thai can bang. Goc gitta hai vecto F,, F, bdng 60°. Tinh d6 I6n clia F;, biét

[Fl= [l =23 n.

-, BAY 0
TICH CUA MOT VECTO VOI MOT SO

A - Kién thic can nhé

1.

Tich clia vecto a # 0 v6i sé thuc k, ki hiéu ka, la métvecto:

— ¢6 d6 dai bang |4l -|al:

— cung huéng vé6i a khi k > 0 va nguoc huéng véi a khi k < O;
Tinh chét. Cho hai vecto a, b va cho hai sé thuc k, t. Khi d6

~ k(ta) = (kt)a;

— k(@+b) =ka+ kb, k(a-b) = ka - kb;

_ ka=0+ k=0 hodc a = 0.
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3. Hai vecto a va b (B # 6) cung phwong khi va chi khi ton tai sé thuc k sao cho
a = kb.

4. Cho trudc vecto a # 0. Khi d6 véi moi vecto b cung phuong vaoi a, ton tai
duy nhét sé thuc x sao cho b = xa.

5. Cho trudc hai vecto a va b khéng cung phuong. Khi dé véi moi vecto c ton
tai duy nhat cap sé (x; y) sao cho ¢ = xa + yb.
6. Mla trung diém cla AB khi va chi khi OA + OB = 20M, VO.

G la trong tam tam giac ABC khi va chi khi OA + OB +OC = 30G, YO.

B. Vidu

Vi du 1. Cho tam giac ABC. Goi M la trung diém clia BC. Goi G, G4, G» theo thir tur |a
trong tam céc tam giac ABC, ABM, ACM. Chung minh réng G la trung diém clia G,G,.

Giai
Do M la trung diém cla BC; G, Gy, G» theo thir tw la trong tam cac tam giac
ABC, ABM, ACM nén voi moi diém O, ta co

OB + OC = 20M , OA + OB + OC = 306G,
OA + OB + OM = 30G,, OA + OC + OM = 30G, .

Tw d6 suy ra
3(0G, + 0G,) = (OA + OB + OC) + (OA + 20M)
- (0OA + 0B +0C) + (OA + OB + OC) = 60G.

Suy ra OG, + OG, = 20G. Do d6 G la trung diém clia GG,.

Vidu 2. Cho tam giac ABC. Trén canh BC lay diém M sao cho BM = 2MC.

a) Chirng minh rang MB + 2MC = 0. A
b) Chirng minh rdng AB + 2AC = 3AM.
Giai (H.4.8)

a) Do M thuéc canh BC va BM = 2MC nén hai
vecto MB, MC nguoc huéng va |MB| = 2|md.
Suyra MB = —2MC va do d6 MB + 2MC = 0.

M £
Hinh 4.8
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b) Theo quy téc ba diém, ta c6 AB = AM + MB; AC = AM + MC.

T @6 AB + 2AC = (AM + MB) + 2(AM + MC) = 3AM + (MB + 2MC) = 3AM.
Nhan xét
— Piém Mtrong vi du nay duwoc goila diém chia doan thang BC theo ti s6 —2.
- Béng lap luan twong tu ta chirng minh duoc diém M chia doan AB theo fi
sb k (ttrc la MA = kMB ) khi va chi khi OA — kOB = (1— k)OM, VO.

Vi du 3. Goi G va G' theo tht tu la trong tam clia tam giac ABC va tam giac
A'B'C'. Chitng minh réng AA’ + BB’ + CC’ = 3GG’.

Giai
Do G la trong tdm tam giac ABC, G'la trong tdm tam giac A'B'C' nén ta co:
AG+BG+CG =0 (1)
va GA'+GB +GC =0. (2)

Theo quy téc ba diém, ta co
AA'+BB'+CC =(AE 286 +GA ) (BE TG GBI NG -GG +GC)
- (AG+BG L CC) 3CC T (GA AEBGC ).

T dova (1), (2)suyra AA"+ BB’ + CC’ = 3GG".

Vi du 4. Cho tam giac ABC.

a) Tim diém M sao cho MA - 2MB + 3MC = 0.

b) Tim tap hop céc diém N thoa méan |NA + 3NC| = 4|NE.

Giai

a) Gia str tim duoc diém M thoa mén (H.4.9a). Khi d6, véi [ la trung diém AC, ta co
MA — 2MB + 3MC = (MA + MC) - 2(MB - MC) = 2Mi — 2CB = 2(Mi - CB).
Khi @6 MA — 2MB + 3MC = 0
< 2(Mi -CB) =0 < Mi = CB.
Do B, C, | khéng cung thuéc mét dudng

thang, nén diéu nay twong duong Voi y
tr giac BCMI la mét hinh binh hanh.

Vay diém M can tim la dinh th( tw cla
hinh binh hanh dwng trén hai canh
BC, BI, tuc la M ddi xtrng véi B qua
trung diém cuia IC. Hinh 4.9a
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b) Goi J la trung diém cla IC (H.4.9b). A
Khi d6 JA = 3JC va do do JA = -3JC.
Tl do6 suy ra
NA + 3NC = (NJ + JA) + 3(NJ + JC) = 4NJ.

T P J
Do d6 |NA + 3NC| = 4|NB| < 4|NJ| = 4|NB|
o [Ndl = [NB|. B \ c

trc la N thudc trung truc cla doan JB. Hinh 4.9b
Vay tap hop cac diém N can tim la dwong trung trwrc clia doan JB.

C - Bai tap

4.13. Cho tam giac ABC. Goi D, E tuong tng la trung diém cia BC, CA. Hay
biéu thj cac vecto AB, BC, CA theo hai vecto AD va BE.

4.14. Cho tam giac OAB vuéng can, véi OA = OB = a. Hay xac dinh d6 dai clia
cac vecto sau OA + OB, OA — OB, OA + 20B, 20A - 30B.

4.15. Cho tam giac ABC cb trwe tam H, trong tam G va tam duéng trén ngoai tiép O.
a) Goi MIa trung diém clia BC. Chiing minh réng AH = 20M.
b) Chting minh réing OA + OB + OC = OH.
¢) Chirng minh rang ba diém G, H, O cung thuéc mét dwdng thang.

4.16. Cho tr giac ABCD. Goi M, N theo thtk tw la trung diém cac canh AB, CDva
goi / la trung diém cta MN. Chirng minh rang véi diém O bat ki déu cé

OA + OB + OC + OD = 40I.
4.17. Cho luc giac ABCDEF. Goi M, N, P, Q, R, S theo tht tw la trung diém clia

cac canh AB, BC, CD, DE, EF, FA. Chirng minh rang hai tam giac MPR va
NQS c6 cung trong tam.

4.18. Cho tam giac ABC déu voi trong tam O. M la mét diém tuy y nam trong tam
giac. Gai D, E, F theo thi tu |a hinh chiéu vuéng goc cua M trén BC, CA, AB.

Chtrng minh rang MD + ME + MF = %MO.

4.19. Cho tam giac ABC.
a) Tim diém M sao cho MA + MB + 2MC = 0.
b) Xac dinh diém N thoa man 4NA — 2NB + NC = 0.

54



4.20. Cho tam giac ABC.
a) Tim diém K thoa man KA + 2KB + 3KC = 0.

b) Tim tap hop cac diém Mthoa man VA + 2MB + 3MC| = |MB - Mc).

4.21. M6t vat déng chat dugc tha vao mét cée chéat 1ong. O trang thai can bang,
vat chim mét nlra thé tich trong chéat 1dng. Tim méi lién hé gitra trong luc P

clia vat va lyc day Archimedes F ma chét Iong tac déng Ién vat. Tinh ti sé
gitra trong lwgng riéng cla vat va cla chat [ong.

«. BAIO0 _ o
VECTO TRONG MAT PHANG TOA PO

A - Kién thic can nhé

1. Truc toa d9, toa d6 ddi vai truc
Truc toa dé (con goi la truc hay truc sé) la mét dwéng thang, ma trén d6 da
xac dinh mot diém O va mét vecto e cé dd dai bing 1. Biém O goi la géc toa
do, vecto e goi la vecto don vi cua truc.

Piém M trén truc biéu dién sb x, néu OM = x,e (H.4.10).

L

» 4 g »
O e M
Hinh 4.10
2. Hé truc toa do, toa d6 ddi véi hé truc vy
toa do
Hé truc toa dd la mét hé gém hai truc Ox
(voi vecto don vi T) va truc Oy (voi vecto

S

don vi 7) vuéng goc véi nhau tai gébc o
chung O. Truc Ox dwoc gai la truc hoanh, .
truc Oy dwoc goi la truc tung (H.4.11). u,”

N

V6i méi vecto u trén mat phang Oxy, c6 . a
duy nhét cap sb thuc (X0:¥o) sao cho

-
N
3
<

Z/=X07+y07 H‘ h411
n §
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Cap sb (x,:Y,) 0 day dugc goi la toa d6 clia vecto v ddi voi hé truc. Ta viét
U =(XyYy) hay U(xy:y,) @& chirang vecto u c6toa dd la (x,:y,) d6i véi hé
truc toa d6. Cac s X, Y, twong ing goi la hoanh dé, tung dé cla vecto u.

Néu diém M c6 toa d6 (X, Y, ) thi vecto OM cotoa dd (Xy:y,) Va [OM = fxZ + y2.

V6i hai diém M(x;y) va N(x;y’) thi MN = (x"=x;y’—y) va khoang cach

gitra hai diém M, N'bang MN =[N = {(x' - x)* + (y’ - y)*.
3. Tinh chéat
Cho hai vecto U = (X;y), V = ( :y’) va cho s6 thuc k. Khi d6

U+v= (x + x5 y+y) s (x—x’;y—y');kf/:(kx;ky);
U=v & IX_X; i -8
=y ly =¥.

4. Dau hiéu cung phuwong cla hai vecto: Vecto \7(x; ¥ ) cung phuong voi vecto
u(x":y’) # 0 khi va chi khi tdn tai sb k sao cho x = kx’ va y = ky".
5. Cho hai diém A(a;; a,), B(b;; b,). Khi dé trung diém M clia doan thang AB co

toa d6 (31 ; b1;az +b2J'

2
6. Cho tam giac ABC voi A(ay; a,), B(by: by), C(cy; ¢5). Khi @6 trong tam G cla

tam giac ABC cé toa d6 [31 +21 % sa*t %2 +CZ].

B-Vidu
Vidu 1. Trong mét phang toa @6 Oxy cho hai diém A(1; 2) va B(3; —4).
a) Tim toa dd trung diém M clia doan AB.

b) Tim toa d6 diém N sao cho NA = 2NB.

Giai
_I+3

a) Goi M(x; y)la trung diém cta AB. Khi dé 2 . Suy ra M(2; -1).
_24(4) _
——
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b) Do NA = 2NB nén OA - 20B = (1-2)ON =-ON, suy ra ON = 20B - OA.
Tir d6, do OA = (1 2), OB = (3;—4) nén ON = (5,—10). Vay N(5; —10).
Nhan xét

MGt cach khai quat, voi hai diém A(ay; a,), B(by; by) thi diém P thoa man

PA = kPB (k # 1) c6 toa d6 [311‘_’:’1 ;321"_’:’2}.
Vi du 2. Trong mat phang toa @6 Oxy cho ba diém A(2,-1), B(1 4) va C(-2; 3).
a) Chirng minh rang A, B, C la ba dinh ciia mét tam giac.
b) Tim toa d6 trong tdm G clia tam giac ABC.
Giai

a) Tl gia thiét suy ra AB = (-1 5), AC = (-4 4). Do _—; # % nén cac vecto AB

va AC khéng cling phuong. Suy ra A, B, Cla ba dinh clia mot tam giac.
1+ (2)
3

3
(—1)+4+3
) +4+3 _o
Y 3

b) Goi G(x; y) la trong tam cla tam giac ABC. Khi d6

1
S Gl = 2|
uy ra (3 j
Vi du 3. Trong mé&t phang toa d6 Oxy cho hai diém A, B thoa man OA = 2i — 3],
OB =3i + 2].
a) Chtrng minh rang O, A, B khéng thang hang.

b) Tim toa dd cua diém C sao cho t&r giac ABCO la hinh binh hanh.
c) Tim toa d6 ctia diém D thudc truc hoanh sao cho DA = DB.

Giai

a) T gia thiét suy ra OA = (2-3) va OB = (3; 2). Vi é;t ? nén hai vecto OA
va OB khéng cung phuong, hay O, A, B khéng thédng hang.

b) Tir gia thiét suy ra AB = (1 5). Gia sl tim duoc diém C sao cho 1t giac ABCO
la hinh binh hanh. Khi 36 do OC = AB nén OC = (1. 5). Suyra C(1 5).

c) Xét diém D(d; 0) e Ox. Khi d6 DA =+f(2-d)* +9,DB = 1/(3 ~d)? + 4.
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Suyra DA=DB < DA? =DB? & (2-d)* +9=(3-d)° +4 & d =0.

Vay diém D can tim trung voi gbe toa dé O(0; 0).
Vi du 4. Trong mat phang toa d6 Oxy cho hai diém A(1 2) va B(3; —4). Tim toa
d6 clia diém C thudc truc tung sao cho vecto CA + CB c6 d6 dai ngan nhét.
Giai

Xét diém C(0; ¢c)e Oy. Khi d6 CA = (1 2-c) va CB = (3,-4-c).

Do d6 CA + CB = (4-2-2c), suyra [CA + CB| = /16 + 4(1+ ¢)2.

Do (1+c¢)? =0 V¢, dang thirc xay ra khi va chi khi ¢ = -1 nén |(74 4 581 > 4,
dang thire xay ra khi va chi khi ¢ = -1. Vay voi diém C(0;-1)e Oy thi vecto
CA + CB co d6 dai ngan nhét.

Nhan xét

— V6i méi @iém C déu co CA + CB = 2CI, v&i | 1a trung diém AB. Suy ra vecto

CA + CB co6 do6 dai ngan nhét khi va chi khi vecto CI c6 d6 dai ngan nhét.
Twr d0, do C thudc truc tung, nén C la hinh chiéu vuéng goc cua / trén truc tung.

— Khai quét, ta co bai toan tim dugc diém C thudéc duwong thdng A sao cho
vecto o.CA +BCB co d6 dai ngén nhét, véi o, B 1a hai hang sé cho trudéc.

C - Bai tap

4.22. Trong mat phang toa d6 Oxy cho ba diém M(4: 0), N(5; 2) va P(2 3). Tim
toa d6 céc dinh clia tam giac ABC, biét M, N, P theo th( tw 1a trung diém cac
canh BC, CA, AB.

4.23. Trong mat phang toa d Oxy cho ba diém A(2;—1), B(1, 4) va C(7, 0).

a) Tinh dd dai cac doan thdng AB, BC va CA. Tir d6 suy ra tam giac ABC la
mot tam giac vudng can.

b) Tim toa dé ctia diém D sao cho t&r giac ABDC la mét hinh vuéng.
4.24. Trong mat phang toa do Oxy cho hai diém M(-2; 1) va N(4; 5).

a) Tim toa dé ctia diém P thuéc Ox sao cho PM = PN.

b) Tim toa d6 clia diém Q sao cho MQ = 2PN.

c) Tim toa d6 cla diém R thoa man RM +2RN =0. Tu do suy ra P, Q, R
thang hang.
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4.25. Trong mat phang toa d6 Oxy cho hai diém M(-3; 2) va N(2; 7).
a) Tim toa dé cla diém P thudc truc tung sao cho M, N, P thang hang.
b) Tim toa d6 cla diém Q ddi xtng voi N qua Oy.
c) Tim toa d6 clia diém R ddi xtrng v&i M qua truc hoanh.
4.26. Trong mat phang toa d6 Oxy cho hai diém C(t 6) va D(11 2).
a) Tim tga do clia diém E thudc truc tung sao cho vecto EC + ED c6 d6 dai
ngan nhat.
b) Tim toa d6 cla diém F thudc truc hoanh sao cho [2FC + 3FD dat gia tri
nho nhat.
¢) Tim tap hop céac diém M sao cho |MC + MD| = cD.
4.27. Trong mét phang toa d6 Oxy cho ba diém A(1 2), B(3; 4) va C(2,-1).
a) Chirng minh réng A, B, C la ba dinh clia mét tam giac. Tim toa dd trong tam
cla tam giac do.
b) Tim toa d6 tam [ clia duéng tron ngoai tiép va trwc tam H clia tam giac ABC.

4.28. Pé kéo dwdng day dién bang qua mét hd hinh chir nhat ABCD véi o dai
AB =200 m, AD = 180 m, ngudi ta duw dinh lam 4 c6t dién lién tiép cach déu,
c6t thir nhat nam trén bo AB va cach dinh A khoang cach 20 m, cét th tw
nam trén bd CD va cach dinh C khoang cach 30 m. Tinh cac khoang céch tir
vi tri cac cét thi hai, thir ba dén cac bo AB, AD.

BAI 11 i

TICH VO HUONG CUA HAI VECTO

A - Kién thic can nhé

1. Goc gitra hai vecto: Cho hai vecto Uvav
khac vecto 0. Tir mét diém A nao do, vé
AB = u, AC = v (H.4.12). Khi d6 sb do clia

goc BAC dugc goi la s6 do cla goc gitra

<¥

hai vecto v va v hay don gian la goc gitra

hai vecto u, v, ki hiéu (o, v).
Hinh 4.12
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2. Tich v6 hudng cua hai vecto khac vecto-khéng U va v la mét sé, ki hiéu
U -v, duoc xac dinh boi cong thure Uu-v= |L7| : |\7| : cos(i}, \7).

Chuy
— Hai vecto khac vecto-khéng Uvav co phuong vudéng géc vai nhau khi va

chikhi v =0.
— Binh phuong vé hudng clia mét vecto bang binh phuong dé dai clia vecto do:
=",

3. Biéu thirc toa d6 cla tich vé huéng: Trong mat phang toa dé cho hai vecto
U=(xy) va v =(x:y). Knhi d6tich v huong clia hai vecto v, v duoc tinh
theo cong thirc U - v = xx’ + yy'.

Nhan xét. \V/6i vecto U = (x;y) va V= (x5 y"), ta cé:

— Haivecto v va v vuéng goc véi nhau khi va chi khi xx”+ yy’ =
o - = —?2
— Binh phuong vé huéng clia vecto v 1a u™ = x* + y2.

- -

u-v xx'+ yy’
] V- . Jx2ey?

— Néu u#0vav=0 thi cos(u v)

4. Tinh chat

\V&i ba vecto u, v, w bat ki va moi sb thuc k, ta co:

- =

— Tinh chét giao hoan: u-v =v - u.

— Tinh chéat phan phéi d6i vai phép cong vecto: v-(v+w) =u-v+u-w.

— Tinh chat két hop d@6i vai phép nhan vai s6: (ku) v = k(u-v) = o (kv).

Nhan xét. \/&i hai vecto Zl, v bét ki, ta co:

— —»2 —¢2 - — —&2
Uu+v) =U +2u-v+Vv ;
(7+v) 2

— -.2 — — — —
(u—v) =u2—2u v+v2;

G+v)-G-v)=0" -v°.

B-Vidu
Vidu 1. Cho tam giac déu ABC tam O, c6 d6 dai cac canh bang 1.
a) Xac dinh goc gitra cac cap vecto AB va AC, AB va BC, OA va BC, OB va CB.
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b) Tinh tich vé huwdng clia cac cap vecto sau:
AB va AC, AB va BC, OA va OB, OA va BC, OB va CB.

Giai
a) Do tam giac ABC déu, nén CAB = ABC = BCA = 60°.
Suyra (AB; AC) = CAB = 60°.
Goi D la diém d6i xting véi B qua CA (H.4.13). Khi d6 tr giac ABCD la mét
hinh thoi, do & AD = BC va BAD = 180° — ABC = 120°.
Suy ra (AB:BC) = (AB: AD) = BAD = 120°,

Goi M la trung diém cla BC va Nla
trung diém clia OA, Pla diém ddi xing
v&i M qua C. Khi d6, do O la tam cua
tam giac déu ABC, nén A, N, O, M

thdng hang, AM L BC, MN = OA
va MP = BC.

Suy ra (ﬁBTf) = (WW) = 90°.
LAy diém Q déi xing v6i O qua M.
Khi d6 tir giac BOCQ la mét hinh
thoi, c6 OCQ = 60°.

Suy ra (OB.CB) = (CQ:CB) = BCQ = 30°. Hinh 4.13
b)Do AM L BC nén AM = JAB% - BM2 = 1’
2 V3 _3

Do O la tam clia tam giac déu ABC, nén IOA| |OB| OA = 5AM =—— = —,

Suyra AB-AC = IABi : |ﬁ| .cos(AB;AC) =1-1-cos60° = l;

_—

AB -BC = |AB| - |BC| - cos(AB:BC) = 1-1- cos120° =

i
OA - OB = |04l -|0B| - cos(04:0B) = ‘g ¥B . os120° ;-

OA.BC - [04].|BE). cos (0ABT) - *’5.1.cosgoo _o

B
OB-CB = |@||@| ; cos(@;@) §-1-cos30° =—

Il

61



Nhan xét. Ta co thé xac dinh goc gitra hai vecto OB, CB nhu sau: L&y O' déi
xtrng voi O qua B va C' ddi xirng véi C qua B (H.4.14).

e

Khi 6, do BO’ = OB, BC’ = CB, nén (OB:CB) = (BO”:BC’) = O'BC’ = OBC = 30°.
(0]

309" B C

o Hinh 4.14
Vi du 2. Cho nira dudng tron véi duéng kinh AB = 2R. Goi M va N |a hai diém
trén nlra dwdng tron sao cho hai day cung AM va BN cat nhau tai mét diém /.

a) Chirng minh ring Al - AM = Al - AB.

b) Tinh Al - AM + Bl - BN theo R. M

Giai

a) Do M thuéc nra dudng tron véi duong
kinh AB nén AMB = 90° (H.4.15a).

Suyra AM = AB - cosBAM. T do, G&y =~ A o) B
ring BAM = (Al;AB), ta c6 Hinh 4.15a

Al - AM = |Ai|-|aM| - cos (Al;AM) = Al - AM = Al - AB - cosBAM = Al - AB.
b) Twong tw nhu phéan a), ta cling dugc Bi -BN = Bl - BA = -Bi - AB.
Suy ra Al -AM +BI -BN = Al - AB -~ Bl - AB = AB - (Al - Bi)
_AB-(Ai +1B) = AB" = 4R2.
Nhan xét. MGt cach khai quat, ta ching minh dwoc a-b=a- b, trong do b’ la

hinh chiéu vuéng goc clia vecto b trén gia clia vecto a (H.4.15b). Két qua nay
duoc goi la dinh Ii chiéu.

B B
| |
| |
R ! i \B
b : I
a Ej _I'E o
ol e o e i
o 7 7 7 4 8w O @ A
Hinh 4.15b
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Vi du 3. Cho tam giac ABC can tai A, c6 A = 120°, AB = 3.

a) Tinh AB-AC, AB -CB, AC - CB.
b) Tinh d¢ dai canh BC.
c) Ly diém M trén canh BC sao cho MB = 2MC. Tinh MA - MB.
Giai
a) Do tam giac ABC can tai A, A =120° AB=3, nén
AB - AC =|AB| - |AC| cos(AB:AC) = 3.3 cos120° = —%.
Theo quy téc ba diém ta c6 CB = AB—- AC va do do:

m.@=m’.(m_rc’):m2_rs.rczsz_[__

—_—

AO@:AC-(A&AC):ACTE-A—C'Z=(-3j—32=-Z.

b) Theo quy tic ba diém, ta co BC = AC — AB. Tur d6

5 —==2 N\ 2 2 A — 2 ) 9
Bc2=BC =(AG=AB)=AC tABV-28¢ AR = =732 _»>. -5 |=27.

Suy ra BC = 33

c) Goi / Ia trung diém clia BC (H.4.16). Do M thudc canh BC va MB = 2MC, I la frung

diém clia BC, nén theo két qua clia Vi du 2, Bai 9, ta co MB = %ﬁ, IB = %cﬁ.

Suy ra
MI = MB + BI = MB - IB
(2. AVem . Sy
3 2 6
T d6, theo dinh li chiéu, ta duoc

MA-MBzMI-MBzE-g-CB =3,

Hinh 4.16

Nhan xét
— Pé tinh d6 dai clia m6t doan thang XY, trudc hét ta biéu thi vecto XY theo
hai vecto khéng cung phuong a, b da biét, rdi tinh binh phuong vé hudng

clla vecto XY.
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— Nho vao két qua clia Vi du 2, Bai 9, ta chirng minh duoc MA = %(Ed +2CA).

Suy ra MA - MB = %(B_A .CB + 2CA - CB) . Bdi vay ciing c6 thé tinh tich v6
hudng MA - MB nhé vao viéc tinh cac tich v6 huéng BA-CB va CA-CB.
Vi du 4. Trong méat phang toa dé Oxy cho hai diém A(1 3) va B(7; 1).
a) Tinh chu vi clia tam giac OAB.
b) Chirng minh rang OA vudng goc véi AB. Tinh dién tich clia tam giac OAB.
c) Goi Mla trung diém clia AB. Tinh sb do goc BOM.
Giai
a)Do A(13) va B(7;1) suyra
OA = 12 +32 = \f10; OB = 72 + 2 = \JB0; AB = J(7 -1 + (1- 3)? = +40.
Suy ra chu vi cia tam giac OAB bang

OA + AB + OB =10 + /50 + /40 = 542 + 310.

b) Theo két qua clia phan a), ta c6 OA? + AB% =10 + 40 = 50 = OB?. Tir d6,
theo dinh li Pythagore tam giac OAB vudng tai A, hay OA L AB.

Suy ra dién tich tam giac OAB béang Soas = % -OA - AB =10 (d.v.d.t).

¢) Do Ml trung diém clia AB nén M(4: 2). Suy ra OM = +/42 + 22 = 20 va do d6

OB-OM 7-4+1.2 3
OB|.[oml 50 -¥20 10

Suy ra 0° < (OB:OM) < 90° va do d6 BOM = (OB;OM) ~ 18°26'6".

cos(OB:OM) =

Nhan xét. Ta c6 thé chirng minh dwgc OA vudng goéc véi AB nhé vao tich vo
hudng, ma khéng can phai tinh dé dai clia cac doan thang nhu sau:

Tir gia thiét suy ra OA = (1 3), AB = (6, -2).
Suyra OA-AB=1.6+3(-2)=0.
Tir d6, do céac vecto OA, AB déu khac 0, suy ra OA L AB.

Mot cach khai quat, @& chirng minh hai duwong thang MN va PQ vuéng goc Voi
nhau, ta chirthg minh MN -PQ = 0.
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C-Baitap

4.29. Cho tam giac déu ABC c6 dd dai cac canh bang 1.
a) Goi M la trung diém cla BC. Tinh tich vé6 huéng clia cac cédp vecto MA va
BA, MA va AC.
b) Goi N la diém ddi xtrng voi B qua C. Tinh tich v huéng AM - AN .
c) Lay diém P thudéc doan AN sao cho AP = 3PN. Hay biéu thj cac vecto
AP, MP theo hai vecto AB va AC. Tinh d6 dai doan MP.

4.30. Cho hinh ch( nhat ABCD co AB =1 BC = 2. Goi Mla trung diém ctia AD.
a) Chirng minh rang cac duéng thédng AC va BM vubng goc véi nhau.
b) Goi H la giao diém ctia AC, BM. Goi N |a trung diém clia AH va P la trung diém
clia CD. Ching minh rang tam giac NBP la mét tam giac vuéng.

4.31. Cho tam giac ABC co A <90°. Dwng ra phia ngoai tam giac hai tam giac
vuéng can dinh A la ABD va ACE. Goi M, N, P theo thix tw |a trung diém BC,
BD, CE. Chirtng minh rang:

a) AM vudéng goc voi DE;
b) BE vuéng goc voi CD,;
c) Tam giac MNP la mét tam giac vuéng can.

4.32. Cho hai vecto a va b thoa man |al = 6, 6| = 8 va |a + b| = 10
a) Tinh tich vé huéng a - (a + b).
b) Tinh sb do clia goc gitta hai vecto a va a + b.

4.33. Cho tam giac ABC khéng can. Goi D, E, F theo thtr tu la chan cac duong
caoké tr A, B, C; goi M, N, P twong trng la trung diém cac canh BC, CA, AB.
Ching minh rang

MD -BC + NE -CA + PF - AB = 0.
4.34. Trong mét phang toa dd Oxy cho hai diém A(2; 1) va B(4; 3).

a) Tim toa d6 cla diém C thudc truc hoanh sao cho tam giac ABC vudng tai A.
Tinh chu vi va dién tich cta tam giac ABC.

b) Tim toa d6 ctia diém D sao cho tam giac ABD vudng can tai A.
4.35. Trong mat phang toa d6 Oxy cho hai diém A(1; 4) va C(9; 2) |a hai dinh cla

hinh vuéng ABCD. Tim toa d6 cac dinh B, D, biét rang tung dd cia B |a mét
sb am.
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4.36. Trong mat phang toa d6 Oxy cho hai diém A(1; 1) va B(7; 5).
a) Tim toa d6 clia diém C thudc truc hoanh sao cho C cach déu A va B.

b) Tim toa d6 clia diém D thudc truc tung sao cho vecto DA+ DB c6 dé dai
ngan nhét.
4.37. Trong mat phang toa @6 Oxy cho ba diém A(=3; 2), B(1; 5) va C(3; —1).

a) Chirng minh rang A, B, C la ba dinh clia mét tam giac. Tim toa d6 trong tam
G cla tam giac ay.

b) Tim toa dd trwc tam H cla tam giac ABC.
c) Goi | 1a tam dudng tron ngoai tiép tam giac ABC. Tim toa d6 cua /.

4.38. Cho ba diém M, N, P. Néu mét luc F khéng ddi tac dong 1én mot chét diém

trong subt qua trinh chuyén dong clia chét diém, thi cac cong sinh bdi luc F
trong hai truéng hop sau cé méi quan hé gi véi nhau?

a) Chét diém chuyén déng theo dwong gap khuc tie M dén N rdi tiép tuc te N
dén P.

b) Chét diém chuyén déng thang tir M dén P.

BAI TAP CUOI CHUONG IV

A - Trac nghiém

4.39. Cho hinh binh hanh ABCD tam O. Xét cac vecto ¢é hai diém mut lay tir cac
diém A, B, C, D va O. S6 cac vecto khac vecto - khéng va cung phuong Vo

AC la
A 6. B.3.
C. 4. D. 2.

4.40. Cho doan thdng AC va B la mét diém nam gitra A, C. Trong cac khang dinh
sau, khang dinh nao la mét khang dinh dung?

A. Hai vecto AB va CB cung huéng.
B. Hai vecto CA va BC ciing hudng.
C. Hai vecto AB va AC cling huéng.

D. Hai vecto AC va BA cling huéng.
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4.41. Cho hinh binh hanh ABCD tam O. Goi K, L, M, N twong &ng la trung diém
cac canh AB, BC, CD, DA. Trong céac vecto coé dau mut lay tir cac diém A, B,

C,D, K, L, M, O, c6 bao nhiéu vecto bang vecto AK ?
A. 2. B. 6.

C. 4. D. 8.

4.42. Cho hinh thoi ABCD c6 dé dai cac canh bang 1 va DAB = 120°, Khang
dinh nao sau day la dung?

A. AB =CD. B. BD = AC.
c. |Bol = 1. D. |ad| = 1.

4.43. Cho tam giac ABC déu, trong tam G, c6 d6 dai cac canh bang 3. D6 dai cla
vecto AG béng

A. 3. B. 3—‘[-3:.
2
C. g D. 24/3.
4.44. Cho tam giac ABC vuéng tai A va AB = 3, AC = 4. B6 dai cla vecto
CB + AB béng
A. 13, B. 24/13.
C. 4. B, 2!

4.45. Cho tam giac ABC co AB = 2, BC = 4 va ABC = 60°, Do dai cua vecto
AC - BA bing

A.2. B. J19.
C. 4. D. @.

4.46. Cho tam giac ABC va diém [ sao cho /B + 2/C = 0. Khang dinh nao sau
day la mét khang dinh dung?

A. Al = 2AC - AB.

C_I\/;AB-_;“, D, Al =28 1200
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4.47. Goi G la trong tam clia tam giac ABC va M la trung diém canh BC. Khéng
dinh nao sau day la mét khang dinh dung?

A. GA = 2GM. B. AB + AC = 3AG.
C. AM = 3MG. D. 3GA = 2AM.

4.48. Trong mat phang toa d6 Oxy cho ba diém A(-3; 1), B(2-1), C(4 6).
Trong tam G cla tam giac ABC c6 toa dé la
A (1;2). B. (2 1)
C. (1;-2). D. (=2; 1).

4.49. Trong mat phang toa @6 Oxy cho ba diém A(=3; 3), B(5; -2) va G(2; 2).
Toa d6 clia diém C sao cho G la frong tam tam giac ABC la
A. (5 4). B.(4;95).
C. (4;3). D. (3;8)

4.50. Cho hinh vuéng ABCD véi d6 dai canh bang a. Tich vé huéng AB - AC bang

2
A. a2J2. 5 W
2
2
C. a2 o, O
2

4.51. Cho hai vecto a, b cung khac 0. Khi d6 a-b = |§| : |B| tuwong duong Vvoi
A avab cung phuong. B.avab nguwoc hudng.

L b.

ol

C. a va b clng hudng. D.

4.52. Cho hai vecto a, b cling khac 0. Khi @6 a- b = -|a| - |B| twong dwong vsi
A. a va b clng phuong. B. a va b ngwoc hudng.
C.avab cung huong. D.alb.

4.53. Cho tam giac ABC c6 AB = 1, BC = 2 va ABC =60°. Tich v6 hudng
BC - CA bang
A. 3. B. —/3.
€.3 D. -3.
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4.54. Trong mét phang toa d6 Oxy cho ba diém A(2; 1), B(-1; 5) va C(3m; 2m —1).
Tat ca cac gia tri cia tham s6 m sao cho AB L OC la
A.m=-2. B m=2
G m==2, D. m=3.

4.55. Cho tam giac ABC vuéng tai A v6i AB =1, AC = 2. Lay M, N, Ptuong tng
thudc cac canh BC, CA, AB sao cho 2BM = MC, CN = 2NA, AP = 2PB. Gia tri

clia tich vé hueng AM - NP béng

A B. -
3 2
C.0. D. 1.

4.56. Cho tam giac ABC déu cac canh cé d6 dai bang 1. LAy M, N, P lan luot
thuéc cac canh BC, CA, AB sao cho BM = 2MC, CN = 2NA va AM L NP.

Treh diaoe bang
AB

A B
12 12

C. é. D. Z_
7 +

4.57. Cho tam giac ABC déu c6 dé dai cac canh bang 3a. Lay diém M thuéc
canh BC sao cho MB = 2MC. Tich v6 huéng ctia hai vecto MA va MC béng

2 2
A. % B. -%.
C. a B 555

4.58. Cho tam giac ABC. Tap hop cac diém Mthoa man |MC — MB| =|MC - AC| 1a
A. duong tron tam A ban kinh BC.
B. dwdng thang di qua A va song song véi BC.
C. duwong tron duong kinh BC.
D. dwdng théng di qua A va vudng goc véi BC.

B - Tu luan

4.59. Cho hinh binh hanh ABCD tam O. Goi M, N theo thit tw |a trung diém cla
BC, AD. Goi I, J 1an Iwot 1a giao diém clia BD véi AM, CN. Xét cac vecto khac 0,
c6 dau mut lay tr cac diém A, B, C, D, M, N, I, J, O.
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a) Hay chi ra nhiing vecto bang vecto AB; nhitng vecto cung huéng véi AB.
b) Chirng minh réang Bl =1J = JD.

4.60. Trén canh BC clia tam giac ABC lay cac diém M,N, khéng trung véi B va C
sao cho BM =MN =NC.
a) Chirng minh réng hai tam giac ABC va AMN cé cung trong tam.
b) Goi G la trong tam clia tam giac ABC. Dat GB=u va GC =v. Hay biéu thi

cac vecto sau qua hai vecto uvav: GA, GM, GN.

4.61. Cho tam giac ABC co AB= 4, AC=5va CAB =60°.
a) Tinh tich vé6 hwéng AB- AC, AB- BC.
b) Lay cac diém M, N thoa méan 2AM +3MC =0 va NB+xNC=0 (x#-1).
Xac dinh x sao cho AN vudng goc voi BM.

4.62. Cho hinh binh hanh ABCD. Goi M, N theo thir tw la trung diém cac canh AB,
CD. Lay P thudc doan DM va Q thuéc doan BN sao cho DP = 2PM, BQ = xQN.

Pt AB=u va AD=v.
a) Hay biéu thi cac vecto AP, AQ qua hai vecto u va v.
b) Tim x dé A, P, Q théng hang.

4.63. Cho tam giac ABC v6i trong tam G. Lay diém A', B' sao cho AA’ = 2BC,
BB’ = 2CA. Goi G'la trong tam cua tam giac A'B'C. Ch&rng minh rang GG'
song song voi AB.

4.64. Cho tw giac 16[ ABCD, khong c6 hai canh nao song song. Goi E, F theo
thir tw 1a trung diém AB, CD. Goi K, L, M, N lan lugt la trung diém cla AF,
CE,.BF, DE.

a) Chirng minh rang t giac KLMN la mét hinh binh hanh.

b) Goi /1a giao diém clia KM, LN. Chirng minh rang E, I, F thang hang.

4.65. Cho hinh thang vuéng ABCD c6 DAB = ABC =90°, BC = 1, AB = 2 va
AD = 3. Goi Mlatrung diém cla AB.
a) Hay biéu thi cac vecto CM, CD theo hai vecto AB va AD.

b) Goi N la trung diém CD, G la trong tam tam giac MCD, va | 1a diém thudc
canh CD sao cho 9/C = 5/D. Chirng minh rang A, G, I thang hang.

c) Tinh d¢ dai cac doan théng Al va Bl.
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4.66. Cho bén diém A, B, C, D frong mat phang. Chirng minh rang
AB.CD +BC-AD+CA-BD = 0.

4.67. Trong méat phing toa 36 Oxy cho ba vecto a = (1, 2), b = (3; —4), ¢ = (-5; 3).

—

a) Tinh cac tich vé hwéng a- b, b-¢, ¢ - a.
b) Tim géc gitra hai vecto a va b + c.
4.68. Trong mat phang toa dé Oxy cho ba diém A(-2; 1), B(1; 4) va C(5; -2).

a) Chirng minh rang A, B, C la ba dinh cia mét tam giac. Tim toa do trong tam
G cua tam giac ABC.

b) Tim toa dé truc tam H va tam dwéng tron ngoai tiép / clia tam giac ABC.
4.69. Trong mat phang toa d6 Oxy cho ba diém A(2; —1), B(5; 3) va C(-2; 9).

a) Tim diém D thudc truc hoanh sao cho B, C, D thang hang.

b) Tim diém E thudc truc hoanh sao cho EA + EB nho nhét.

c) Tim diém F thudc truc tung sao cho vecto FA + FB + FC cb d6 dai ngén nhét,

4.70. Mot 6 t6 cd khédi lwong 2,5 tan chay tir chan Ién dinh mot con déc thang.

Tinh céng cla trong luc tac doéng Ién xe, biét déc dai 50 m va nghiéng 15°

so vGi phwong nam ngang (trong tinh toan, lay gia téc trong trwéng bang
2

10 m/s™).
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CHUONG V

CACSO PAC TRUNG CUA MAU SO LIEU
KHONG GHEP NHOM

«. BAI2 _
SO GAN PUNG VA SAI SO

A - Kién thiic can nhé

— Trong nhiéu trudng hop, ta khong biét hodc khoé biét sb dang (ki hiéu la 3 )
ma chi tim dwoc gia tri khac xap xi né. Gia tri nay dwoc goi la sé gan ding,
Ki hiéu la a.

— Giati A, = |a - a] phan anh mirc d6 sai léch gitra s6 duing @ va s6 gan ding
a, duoc goi la sai s6 tuyét déi clia sé gan dung a.

- NéuA,<dthia-d<a<a+d, khidotaviéta =a+d va hiéu la s6 ding
a nam trong doan [a —d; a+d]. Do d cang nho thi a cang gan @ nén d
dwoc goi la dd chinh xéc cia sé gan diing.

— Sai sé twong dbi cua sb gén dung a, ki hiéu la §,, la ti sb gitra sai sb

tuyét déi va |a| , tirc la 3,

— S0 thu duoc sau khi thuc hlen quy téc lam tron s6 duoc goi la s6 quy tron.
S6 quy tron la mét sé gan dung clia s6 ban dau.

— Cho sb gan dung a véi dé chinh xac d. Khi dwoc yéu cau lam tron sé a ma
khong ndi ré lam tron dén hang nao thi ta lam tron s6 a dén hang thap nhat
ma d nho hon 1 don vi ctia hang doé.

B-Vidu

Vi du 1. Binh thuwc hién thi nghiém va xac dinh dugc khoi lwgng riéng cla nudc
tinh khiét & 4 °C 1a 999,985 kg/m°.

a) Pay la sé dung hay sb gan dung?

b) Gia sir sé dung cho khéi lvong riéng ctia nudc tinh khiét & 4 °C 1a 1 000 kg/m®.
Hay tinh sai s6 tuyét ddi.

c) Lam tron 999,985 kg/m® dén hang phan tram, tir d6 xac dinh sé quy tron.
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Giai

a) Gia tri 999,985 kg/m" a sé gan dung cho khéi ltong riéng clia nuéc tinh khiét
04 °C.

b) Sé dungla @ = 1000 kg/m?, s6 gan dung la a = 999,985 kg/m>. Do d6 sai sé
tuyét ddi la |a— 3| = 1 000 — 999,985 = 0,015.

c) Chir sé & hang phan nghin la 5 nén ta tang chir sé & hang phan tram lén
1 don vi, tir 6 suy ra sé quy tron la 999,99 kg/m3.

Vi du 2. Cho két qua hai phép do nhu sau:

(1) Po van téc trung binh clia mét chiéc xe 6 t6 chay trén duong cao téc cho
két quala 100 +5 km/h.

(2) Po van téc trung binh clia mét nguwoi di bo cho két quala 5+ 0,5 km/.
a) Danh gia sai sb twong ddéi cia méi phép do.
b) Dwa vao sai sé twong déi, phép do nao chinh xac hon?
Giai
a) DAi voi phép do (1), ta co a = 100, d = 5 nén sai s6 twong déila §; < % = 5%.

Do véi phép do (2), tacod a= 5, d= 0,5 nén sai sb twong déila 8, < 0’—55 = 10%.

b) Dwa vao danh gia sai sé twong ddi ¢ cau a, co thé két luan phép do (1)
chinh xac hon phép do (2).

C- Baitap
5.1. Hay xac dinh sé dung, sé gan dung trong cac trwdng hop sau:
a) Két qua 2 lan do chiéu cao dinh Phan-Xi-Pang nhu sau:

— Két qua do clia ngudi Phap nam 1909 la 3 143 m;

— Két qua do clia Cuc Do dac, Ban dd va Théng tin dia li Viét Nam ngay
26-6-20191a 3 147,3 m.

(Theo Théng tan xa Viét Nam)
b) Hai gia tri thé hién chu vi clia hinh trén trung tam san béng da 11 ngudi voi
ban kinh 9,15 m la: 18,3nr m va 57,462 m.

5.2. Dung thwdc do co d6 chia nhd nhét 1 cm dé do chiéu cao clia mét hoc sinh
duoc gia tri la 163 cm. Banh gia sai s6 tuyét déi va sai sé tuong ddi clia phép
do nay.
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5.3. Biét elamotsé v fiva 27182 < e < 2,7183. Lay e =~ 2,71828.
a) Xac dinh sé dung, sb gan dung.
b) Panh gia sai s6 tuyét ddi va sai sé twong ddi ctia phép xap xi nay.

5.4. Sir dung may tinh cam tay tim sé gan dung (lam trén dén hang phan nghin)
cho céac sé sau:

a) 1+ 24/3; b) 4r —1.

5.5. Thuc hién lam tron sé:
a) 23 167 dén hang tram;
b) 18,062 dén hang phan tram.

5.6. Thurc hién lam tron cac sé gan dung sau:
a) Phép do hiéu dién thé voi két quala 120 +7.5 V;

b) Phép do gia téc trong truong véi két qua la 9,78 + 0,20 m/s’.

«. BAI13
CAC SO PAC TRUNG PO XU THE TRUNG TAM

A - Kién thiic can nhé

— Cac sb dac trung do xu thé trung tam la cac sé cho ta biét thong tin vé vj tri
trung tdm clia mau so liéu.
— 86 trung binh clia mau so liéu X4, X,...,X,, Ki hiéu la X duwoc tinh béng céng
X+ X +..+ X,
. .

+ Trong trwdng hop mau sb liéu cho dwdi dang bang tan sé thi sé trung binh
duoc tinh theo céng thirc:

thire: X =

MyXq + MoXo + ...+ M X,
n L)

X =

trong @6 m, latan sé clia giatr x, va n=m,+m, +...+ m,.

+ Y nghfa: Sé trung binh la gia tri trung binh céng cla céac sb trong méu sé liéu,
né cho biét vi tri trung tdam clia mau so liéu va co thé dung dé dai dién cho
mau so lieu.
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— Trung vj (ki hiéu la Me) |a gia tri chia d6i mau sé liéu, nghia la trong day sé liéu
dugc sap xép theo thir ty tang dan thi trung vi & vi tri chinh gia.

+ Dé tim trung vi ciia mét mau sé liéu, ta thye hién nhu sau:
e Sap xép cac gia tri trong mau sb liéu theo thir tw khéng giam.
e Néu s6 gia tri clia mau s6 liéu la so 1€ thi gia tri chinh giGta clia day la
trung vi, con néu la sé chan thi trung vi la trung binh céng cla hai gia tri
chinh gitta clia day.
+ Y nghfa: Trung vi khéng bi anh huéng béi gia tri bat thuwong trong khi s6
trung binh bi anh hudng bai gia tri bat thuong.
— Céac diém Q1, @2, Qs chia déy di liéu da sap xep theo thtr tuw khéng giam
thanh bon phan, moi phan déu chira 25% gia tri dugc goi la cac t phan vi.
— Pé tim céc tir phan vi cia mau s liéu c6é n gia tri, ta lam nhu sau:
+ Sap xép mau sb liéu theo thir tu khéng giam.
+ Tim trung vi. Gia tri nay la Q2.
+ Tim trung vi ctia nlra s liéu bén trai Q (khéng bao gdm Q> néu n 1é). Gia tri
nay la Q1.
+ Tim trung vi ctia nlra s liéu bén phai Q2 (khéng bao gém Q2 néu n 1&). Gia tri
nay 1a Qs.
Q1 dwoc goi la tir phan vj thie nhat hay t phan vi duéi, Qs dugc goi la tr phan
vi thir ba hay ttr phan vi trén, Q, chinh la trung vi.
— Mét ciia mau sé liéu la gia tri hodc nhiing gia tri xuat hién véi tan sé [6n nhat.

Nguoi ta thuéng dung mét dé do xu thé trung tam clia mau s6 liéu khi mau so
liéu co nhiéu gia tri trung nhau. Mat c6 the khéng la duy nhat.

B-Vidu

Vi du 1. Theo béo céo cia WTTC (World Travel and Tourism Council), muc tang
dong goép clia nganh du lich cho GDP ndam 2021 so v&i nam 2020 tai mét s6 khu
vuc (don vi: %) nhu sau:

-42 58 -41 -52 -850 -56 -37 -53 -45 -H4.
a) Tinh s6 trung binh, frung vi cla day s6é liéu trén.
b) Giai thich y nghia cac gia tri thu duoc.
Giai
42 + (-58) + ... + (-54)

a) C& mau n = 10. Sé trung binh la: X = 10 = —48,8.
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Sap xép cac gia tri trén theo thir ty khéng giam:
-68 -6 -54 -83 -H2 B0 -45 -42 -4 -37.
Vi n = 10 |a sb chén nén trung vi la trung binh céng cua hai gia tri & cac vj tri
thtr 5 va thur 6:
_ =52 +(-90)
2

b) V& trung binh, mirc déng gép ctia nganh du lich cho GDP nam 2021 giam

khoang 48,8% so véi mirc déng gop cla nganh du lich cho GDP nam 2020.

Trung vi Me = -51% ttrc la c6 50% s6 khu vire (5 khu virc) cd mire giam duGi
51% va c6 50% s6 khu vurc (5 khu vuc) cé mirc giam trén 51%.

Me ==91;

Vi du 2. Tinh céc t& phan vi cho di¥ liéu vé dién tich dat (don vi: km2) clia 266
quéc gia va vung lanh thd cho sé liéu nhu sau:

Q, =20574,1. Q, =194 690; Q, =1249 825.
(Theo World Bank)
a) C6 bao nhiéu quéc gia, viing Ianh thé co dién tich dat Ién hon 194 690 km>?
b) Dién tich dat cﬂg Viét Nam khqéng 310’070 km? c6 thuéc nhom 25% quédc gia
va vung lanh thé co dién tich dat Ion nhat khéng?
Giai
a) Vi Q, = 194 690 nén c6 133 s6 qudc gia, vung lanh thd (50%) co dién tich dat
I6n hon 194 690 km”.
b) Do dién tich dat clia Viét Nam nhd hon Q; = 1249 825 nén Viét Nam khéng
thudc nhém 25% qudc gia va ving lanh thd co dién tich dat1én nhét.

C - Bai tap

5.7. D& wéc luong xem trung binh can thuc hién bao nhiéu 1an gieo xuc xac dé
xuat hién mé&t 6 cham, mét nhém hoc sinh da gieo xuc xac va dém so lan thuc
hién cho dén khi xuat hién mat 6 cham cho két qua nhu sau:

8 57 10 4 6 7 5 7 6 4 5 5 7 6 5 4 2

Tinh sé 1an gieo trung binh dé xuét hién mat 6 cham.

5.8. Tai mét Iép hoc chirng chi Tin hoc, néu mic d6 hoan thanh trung binh 5 bai
kiém tra cla hoc vién I16n hon hodc bang 85% thi hoc vién sé duoc giam 30%
hoc phi. An da lam 4 bai kiém tra vai két qua la 94%, 82%, 78%, 80%. Hai bai
cudi cling An can dat dugc it nhat bao nhiéu phan tram dé duoc giam 30%
hoc phi?
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5.9. Téng sb ca mac Covid-19 tinh dén ngay 26-8-2021 tai Thanh phé H& Chi Minh
va mét sé tinh 1an can dugc théng ké nhu sau:

190174 81182 19728 19048 8155
4544 3760 3297 2541 2000

6 103
1934

5 807

1602 1195.
(Theo Bo Y té)

a) Tinh s6 trung binh va trung vi cho day sb liéu trén.

b) Giai thich tai sao sb trung binh va trung vi lai khac nhau nhiéu?

5.10. Lan théng ké sé anh, chi, em ruét clia cac ban trong I6p thu dwoc bang sé
liéu sau:

S6 anh, chi, em ruét 0 1 2 3
Sé ban 4 25

Xac dinh mét cho méau sé liéu trén va giai thich y nghia.

5.11. Théng ké GDP nam 2020 (don vi: ti 6 la My) clua 10 nudc tai khu vuc
Béng Nam A duoc két qua nhu sau:

Brunei Campuchia Indonesia Lao Malaysia

12,02 25,95 1 059,64 19,08 338,28
Myanmar Philippines Singapore Thai Lan Viét Nam

81,26 362,24 339,98 501,89 340,82

(Theo statista.com)
a) Tim cac t phan vi cho déay sb liéu trén.

b) Qiéi thich y nghfa clia cac tw phan vi nay. Viet Nam co thugc nhom 25%
quoc gia c6 GDP nam 2020 cao nhat trong khu vire ©6ng Nam A khéng?

5.12. Dién tich cla céac tinh déng bang séng Clru Long nam 2022 (don vi:
nghin kmz) la:
1,44 3,54 2,67 2,39 4,49 5,29 3,31
1,62 2,36 3,38 153 6,35 2,51
a) Tinh s6 trung binh, trung vi cho déy s6 liéu trén.
b) Giai thich y nghfa clia méi sé thu dugc & cau a.
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- BA
CAC SO PAC TRUNG PO PO PHAN TAN

A - Kién thiuc can nhé

— Céc sb dac trung do d6 phan tan la cac sb cho ta biét théng tin vé su bién
déng mau so liéu. Cac so nay cang I6n thi so liéu bién dong cang nhiéu hay
cang phéan tan.

— Khoang bién thién, ki hiéu la R, la hiéu sb gitra gia tri I6n nhat va gia tri nhd
nhat trong mau so liéu.

— Khoang tir phén vi, Ki hiéu la Ay, la hiéu s6 tr phan vj thtr ba va tr phan vi

thir nhat tc 1a: Ag = Q3 — Q4. Khoang t& phan vi do dé phan tan cta 50%
sé liéu & gira clia day s liéu da dugc sap xép.

— \V/6i day s6 liéu X4, Xa, ..., Xa, N€U goi sb trung binh la x thi phwong saila gia tri

n

2

§° = "')2.

L (x; =X
ni3

— Can bac hai cla phuong sai, s = \/:s_z dwoc goi la do léch chuéan.

- Trong mau sé liéu co khi gap nhitng gia tri qua Ié’n’hoéc qua npc’) SO VOI
da sO cac gia tri khac, chung dwoc goi la cac gia tri bat thuwdng. D€ xac dinh
gia tri bat thwong ta str dung quy tac sau: cac gia tri Ién hon Qs + 1,5 - Aq
hodc bé hon Q1 - 1,5 - Ag, trong d6 Aq la khoang t&¢ phan vi, duoc xem la
gia tri bat thuong.

B -Vidu

Vi du 1. Nhiét d6 trung binh (don vi: °C) cac thang trong nam tai Ha NG&i va
Thanh phé H6 Chi Minh dwoc cho trong bang sau:

Thang 1 2 | 3|4 (5|6 |7 (8|9 ]10(11|12
Ha Noi 16,4117,0120,2|123,7|27,3(28,8(28,9(28,2|27,2(24,6|21,4|18,2

Thanh phé
Hé Chi Minh

25,8(26,7|27,9(28,9(28,3|27,5|27,1(27,1|26,8|26,7(26,4 |25,7

(Theo weatherspark.com)
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a) Tinh khoang bién thién, khoang ttr phan vi va dé Iéch chuén cho méi day sbé
liéu trén.
b) C6 nhan xét gi yé sw bién déng cua nhiét d6 trung binh cac thang trong nam
tai hai thanh pho nay?
Giai
a) V&i day sb liéu vé nhiét dé trung binh cac thang tai Ha Noi:
Gia tri nho nhéatla 16,4.
Gia tri I6n nhét 1a 28.9.
Khoang bién thién la: R = 28,9 — 16,4 = 12,5.
Day sb liéu sap xép theo thir tw khéng giam:
16,4 170 182 202 214 23,7 246 272 273 282 28,8 28,9
Trung vila Q2= (23,7 +24,6) : 2= 24,15.
Ntra di liéu bén trai Q; la:
164 170 182 (20201 44227,
Do d6, Q1= (18,2 +20,2):2= 19,2.
Ntra di liéu bén phai Q; la:
246 272 273 282 288 2809
Do d6, Q3= (27,3 + 28,2) : 2= 27,75.
Khoang t&¢ phan vi cho méau sé liéu la: Ag= Q3— Q4= 27,75 - 19,2 = 8 55.

- 16,4+17,0+...+18,2

Sé trung binh clia mau sé liéu la: x = 1 ~ 23,49,

Dé léch chuan:
2 2
5 J(1 6,4 — 23,49) +;.2.+ (18,2 — 23,49) -

Lam tuong tw voi day sb liéu vé nhiét d trung binh cho céc thang tai Thanh phd
Hé Chi Minh ta co:

Khoang bién thién: R = 3,2.
Khoang t&r phan vila: Aq = 27,7 — 26,55 = 1,15.

D6 léch chuan s>= 0,91,

52.

b) Khoang bién thién, khoang tlr phan vi, dé léch chuan clia day sé liéu vé nhiét
d6 trung binh cac thang tai Thanh phé H& Chi Minh déu nhé hon cac sé dac
trng nay tai Ha N6i nén ta khang dinh réng nhiét dé trung binh céac thang &
Thanh phé H6 Chi Minh it bién déng hon.
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Vi du 2. Biém thi mén Toan cla cac ban trong I6p dugc cho trong bang sau:

Piém

0

5

6

7

10

Tan sb

1

10

20

10

1

Tim khoang bién thién clia mau s6 liéu trén. Co nén dung dai lvong nay dé do dé
phan tan cla mau so liéu trén khéng?

Giai

Piém thi thap nhat la 0, cao nhat la 10. Do d6, khoang bién thién la 10 — 0 = 10.
Hau hét cac ban trong 16p c6 diém 5, 6, 7 vi vay dung khoang bién thién dé do
d6 phan tan clia day s liéu nay sé khong hop Ii.

C-Baitap
5.13. Cho hai biéu dé cham diém biéu dién hai mau sé liéu A, B nhu sau:

A B

05 e 0
L

T+ 6 66000
L B N N R

®

& ®

& @

- ]

1 2 3 5 1 2

trong @6, m&i chdm biéu dién mét gia tri trong mau sé liéu.
Khéng tinh, hay cho biét:

a) Do |éch chuan ctia mau sé liéu nao 16n hon.

Lo ®
teoe

£
w
i
w

b) Khoang bién thién clia hai mau sé liéu cd nhu nhau khéng.

5.14. Cho hai day s6 liéu sau:
A: 4 5 £ 9 10;
B: 9 10 12 14 15.
Khéng tinh, hay cho biét:
a) Khoang bién thién cla hai déy cé nhw nhau khéng.
b) D6 Iéch chuan cua hai day c6 nhu nhau khéng.
5.15. Diém sb cla hai van déng vién ban cung trong 10 lan ban thr dé chuan bi
cho Olympic Tokyo 2020 dwoc ghi lai nhw sau:
Véan déng vien A: 10 9 8 10 9 9 9 10 9 8;
Véan déng vien B: 5 10 10 10 10 7 9 10 10 10.
a) Tim khoang bién thién va dé Iéch chuan ctia méi day sé liéu trén.
b) Van déng vién nao c6 thanh tich bén thtr 6n dinh hon?
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5.16. Trong cac day sb liéu sau, ddy nao cd dé l1éch chuén 16n nhéat?
@ 98 99 100 101 102
by 2 4 6 8 10.
c) 2 10.
5.17. Mau s6 liéu sau la chiéu cao (don vi: cm) clia cac ban trong té cla Lan:
165 168 157 162 165 165 179 148 170 167.
a) Tinh khoang t& phan vi clia mau sé liéu trén.
b) Khoang tr phan vi c6 bi anh hwéng béi chiéu cao clia ban cao nhat, ban
thap nhat khéng?
5.18.’ Binh dung ddng h?? do thoi ’gian dé mot vat roi tw do (don vi: giay) ter vi tri A
dén vi tri B trong 10 lan cho két qua nhu sau:
0,398 0,399 0408 0,410 0406 0,405 0,402 0,401 0,290 0,402.

Binh nght la gia tri 0,290 & lan do thir 9 khéng chinh xac. Hay kiém tra nghi
ngo cua Binh.

BAI TAP CUOI CHUONG V

A - Trac nghiém
5.19. S6 quy tron clia sé gan dang 167,23 + 0,07 1a
A. 167,23. B. 167 2. C. 167.3. D. 167.
5.20. Biét 6 &m khong khi tai Ha Noi la 51% + 2%. Khi do
A. Sai sb tuyét déi & = 2%. B. Sai s6 tuyét déi & = 1%.
C. B4 chinh xac d = 2%. D. B4 chinh xac d = 1%.

5.21. M6t hoc sinh thire hanh do chiéu cao clia mét toa thap cho két qua 1a 200 m.
Biét chiéu cao thurc clia toa thap 1a 201 m, sai sb twong déi la

A.0,5%. B. 1%. C. 2%. D. 4%.

5.22. Piém thi hoc ki mén Toan clia mét nhém ban nhu sau:
8 9 7 10 7 5 7 8.
Mét ciia mau s6 liéu trén |a
A.5. B. 7. C. 8. D.9.
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5.23. Trung vi clia mau sé liéu trong Bai 5.22 |a
A. 6. B.7.
C.7.5. D. 8.
5.24. Bb sung thém sé 9 vao mau sé liéu trong Bai 5.22 thi trung vi cia mau sb
lieu maila
A. 6. B.7.
E:Th. D. 8.

5.25. Cho mau sb liéu sau:
156 158 160 162 164.

Néu bd sung hai gia tri 154, 167 vao mau sé liéu nay thi so véi mau sé liéu
ban dau:

A. Trung vi va s6 trung binh déu khéng thay dai.
B. Trung vi thay déi, sé trung binh khéng thay déi.
C. Trung vi khéng thay ddi, s6 trung binh thay doi.
D. Trung vi va sé trung binh déu thay déi.

5.26. Cho mau so liéu sau:

156 158 160 162 164.
Tl phan vi th& nhat clia mau sb liéu trén |a
A. 156. B.157.
C. 1588. D. 189.
5.27. Mau sb liéu trong Bai 5.26 c6 khoang bién thién la
A 2. B. 4.
C.6. D. 8.

5.28. MAau s liéu ma tat ca cac sb trong mau nay bang nhau cé phuwong saila
A —1. B.0.
C.1. D. 2.

5.29. S6 gia tri trong mau sb liéu nhoé hon tr phan vi dwéi Q4 chiém khoang
A. 25% sb gia trj clia day.
B. 50% s gia tri cia déy.
C. 75% sb gia tri ctia day.
D. 100% s gia trj clia day.
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5.30. Khoang tlr phan vi Ag la

A. Q- Q4. B. Qs - Q1.
C. Qz- Q2. D. (Qi+ Q3): 2.
B -Tu luan

5.31. M6t nhan vién kiém tra dinh ki mét cot do xang dau, két qua do (trong mot
thoi gian nhét dinh) 1a 50 lit. Déng hd clia cét do xang dau bao la 50,3 lit.
Theo quy dinh, sai sb 16n nhat déi vai kiém tra dinh ki 1a 0,5% (Theo Van ban
KT thuat do lwong Viét Nam, DLVN 10 : 2017). Gia trj trén ddng hd clia cét do
x&ng dau cé nam trong gi¢i han cho phép khéng?

5.32. Diém téng két hoc ki cac mén hoc clia An duoc cho nhu sau:

Toan | Vatli | Hoa hoc | Ngirvan | Lichstr | Biali [Tin hoc Tiéng Anh
7,6 85 7.4 $2 8.6 8,3 8.0 9,2

a) Biét rang diém moén Toan va mén Ngi van tinh hé sé 2, cac mén khac tinh
hé s6 1. Biém trung binh hoc ki clia An la bao nhiéu?

b) Thuc hién lam tron diém trung binh tinh dugc & cau a dén hang phan muoi.
5.33. Z-score la chi s6 duoc té chirc y té thé giéi WHO sty dung dé danh gia tinh
trang dinh duéng clia nguoi théng qua cac théng sé chiéu cao, can nang va
do tudi.
H-h

Z= ,
S

trong d6 h la chidu cao trung binh cla Itra tudi, s 1a d6 léch chuén, H la chiéu
cao ngudi dang xét. Néu Z < -3 thi nguoi do suy dinh dudng thé thap coi, mirc
d6 nang; Néu -3 < Z < -2 thi ngudi d6 suy dinh dudng thé thap coi, mirc do vira.
Hoi mot nguwdi 17 tudi, cao 155 cm cd bi suy dinh dudng thé thap coi khéng?
Néu bj thi & mirc @6 nao? Biét rang chiéu cao trung binh clia nam 17 tudi la
175,16 cm va dd |éch chuan la 7,64 cm (Theo WHO).

5.34. Thoi gian chd cla 10 bénh nhan (don vi: phat) tai mét phong kham duwoc
ghi lai nhu sau:
5 17 22 9 8 11 2 16 55 B
a) Tinh s6 trung binh, trung vi va mét ctia day sé liéu trén.

b) Nén dung dai lwgng nao dé biéu dién thoi gian chd cla bénh nhan tai
phong kham nay?
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5.35. M6t hoc sinh dung mét dung cu do dudng kinh d clia mét vién bi (don vi: mm)
thu dugc két qua sau:

Lan do 1 2 3 4 5 6 L 8
d 6,50 | 6,591 650 [ 652 | 649 | 650 | 6,78 | 6,49

a) Ban Minh cho rang két qua do & 1an 7 khéng chinh xac. Hay kiém tra khang
dinh nay cua Minh.

b) Tim gia tri xap xi cho dwéng kinh cla vién bi.

5.36. Thu nhéap theo thang (don vi: triéu déng) clia cac céng nhan trong maét céng ty
nho duoc cho nhu sau:

b5 6,0 8,0 7,0 75 8,0 70 9.5
12,0 10,0 4,5 11,0 13,0 9.5 8.5 4.0.

a) Tinh thu nhép trung binh theo thang ctia céng nhan céng ty nay.

b) Trong dai dich Covid-19 céng ty cé chinh sach hé trg 25% céng nhan cé

thu nhap thap nhat. S6 nao trong cac tr phan vi giip xac dinh cac céng nhan
trong dién duoc hé tro? Tinh gia tri t& phan vi d6.
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01 GIAI - HUGNG DAN - DAP SO

CHUONG | - MENH DE VA TAP HOP

\ MENH PE

1.1. a) Sai. b) Sai. ¢) Bung.
1.2. a) 106 khong phai 1a hop 6.
b) Téng sb do ba géc trong mét tam giac khéng bang 180°.

1.3. Ménh d@é P = Q: “Néu ti giac ABCD la hinh binh hanh thi t& giac ABCD c6
AB /I CDva AB= CD".

Ménh dé dao Q = P: “Néu ¢ giac ABCD c6 AB /I CD va AB = CD thi i giac
ABCD la hinh binh hanh”.

1.4. a) Hai goc bang nhau la diéu kién can dé hai goc dé déi dinh.

b) Sé tw nhién chia hét cho 3 la diéu kién can dé téng cac chir sb clia n6 chia
hét cho 3.

1.5. a) Sai. b) Bung.

1.6. a) Ménh d& P < Q: “x* + y* = O khi va chikhi x=0va y = 0".
Giastrtacox’+y?=0.Vix* 20, y*> 0 nén x> + y* > 0 v6i moi sb thuc x, y.
Dovaytu’x2+y2= Otasuyrax2= O,y2=0. Dodéx=0vay=0.

Vay ménh dé P = Q dung. Nguoc lai, néu cé x = 0 va y = 0, hién nhién ta suy
ra x? + y? = 0. Vay ménh d& Q = P dung.

Vay ménh dé P < Q dung.

b) Ménh dé P < Q: “x* > 0 khi va chi khi x > 0",

Gia st x? >0. Vi x? >0 véi moi sb thuec x, néntlr x> >0 tasuyra x2 =0
hay x % 0. Biéu nay khéng suy ra x > 0. Do @6, ménh dé P = Q sai.

Vay ménh dé P < Q sai.
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1.7. Ménh dé c6 thé phat biéu duéi dang: “Cé moét sb thurc x thoa man x* < x2”.

Ménh dé& nay ddng vi tén tai x =% e R thoa man -1l6 =tz ¥ =%.
Ménh dé phl dinh clia P 1a; “vx e R, x* = x2".

1.8. Ménh d@é phu dinh clia ménh dé Pla:
“C6 mot sb tw nhién co chir s6 tan cung bang 0 khéng chia hét cho 10”.

\ TAP HQP VA CAC PHEP TOAN TREN TAP HOP

1.9. a) b; b)B; c)S; d) S.
1.10.a)A={1;4;5;8}, B={2;4;7,;8; 9}
b) AuB={1245,7 89} Twdésuyra n(AuB)=71.

c) A\B={15].
d) B\A={27 9}
1.11. A={4n|neN,0<n<4}; B={(-3)"|neN,1<n<4}; C={M| MA = MB}.
1.12. B= .
1.13. a) Bung; b) Sai;

1.14.2) 2 b) (=2; 1) H—
-2 1

c) (-2: 3] mhk—mi  d) (=3 2) sHH—
-3 3 -3 2

1.15. a) C6 36 ngudi hodc thich choi thé thao, hodc thich cau ca.
b) C6 3 nguoi thich ca cau ca va choi thé thao.
c) C6é 12 nguoi chi thich cau ca, khéng thich choi thé thao.

c) bung.

BAI TAP CUOI CHUONG I

A - Trac nghiém

1.16. D 1.19. A 1.22.C 1.25.B 1.28. A 1.31. A
1.17.B 1.20.C 1.23. B 1.26. C 1.29. C 1.32.B
1.18.D 1.21. B 1.24. A 1.21.8B 1.30.B
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B-Tuluan

1.33. a) C6 thé viét ménh dé dudi dang: “Vne N, néu n cb tan cung la 0 thi n
chia hét cho 1‘0". Ménl:\ dé n‘ay la mér]h dé dung vi voi bat cir sb tw nhién nao
co6 tan cung bang 0, s6 d6 déu chia hét cho 10.

b) C6 thé viét ménh dé duwoi dang: “Vx € R, x? > 0". Ménh d& nay sai vi voi
x=0thi x¥*= 0.
c¢) Ménh dé dung.

1.34. a) Ménh dé dung; b) Ménh dé dung.
1.35.2) D; b) B c)D; d)S.
1.36. A = {—%; %; 1}; B = {2 3}.
1.37.a) A= [-4; 4], B=(-3; 8
b)A N B=(-3; 4]; A\B=[-4; -3]; B\A=(4:8].
1.38. 3<a<h.
1.39.a) S; b) S; c) D.

1.40. Ta c6: 20 + 18 — 4 = 34 hoc sinh hoac thich mén Toan hoac thich moén
Ng( van. Do d6 c6 40 — 34 = 6 hoc sinh khéng thich mén nao trong hai mén
Toan va Ng(r van.

1.41. SUr dung biéu d6 Ven dé biéu dién cac tap hop.

a) Goi x la sé clra hang ban ca quan ao va giay.
Taco: (26 —x)+ x +(16 - x) = 34 = x = 8.
Vay sb clra hang ban ca quan 4o va giay la 8 ctra hang.
b) Sé clra hang chi ban mét trong hai loai quan ao hoéac giay la
18 + 8 = 26 (clra hang).
c) S6 clra hang khéng ban ca hai loai hang hoa trén la
46 — 8 — 26 = 12 (clra hang).
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CHUONG Il -BAT PHUONG TRINH

VA HE BAT PHUONG TRINH BAC NHAT HAI AN

\ BAT PHUONG TRINH BAC NHAT HAI AN

2.1. a) Mién nghiém la nlra mét phang bé o -3x + y = 4 chira goc toa d6 va bo di
dwong thang d.

b) Mién nghiém clia bat phwong trinh -3x + y < 4 1a nlra méat phang bo
d: -3x + y = 4 chira gc toa do.
Mién nghiém cla bat phuwong trinh -3x + y > 4 la nlra méat phang bo
d: —3x + y = 4 khdng chira gbc toa do.
2.2. Xét bat phwong trinh 2x + 3y + 3 < 5x + 2y + 3.
Chuyén vé ta dugc 3x — y = 0. Mién nghiém ctia bat phuong trinh 1a nira
mat phang bo d: 3x — y = 0 chira diém (1; 0).
2.3. Puong thang d di qua hai diém (0; —2) va (4; 0) ¢é phwong trinh x — 2y = 4.
Vi mién nghiém chira géc toa d6 nén bat phwong trinh can tim la x — 2y < 4.
2.4. a) Mién nghiém clia bat phuong trinh la nlra mat phang be d: x + 2y = -4
chira goc toa do.
b) Cac diém (x; y) can tim la (-1; -1), (-2; -1).
2.5. a) Theo dé bai, ta co:
140x + 180y < 170(x +Y).
Bang cach chuyén vé ta duoc bat phuong
trinh bac nhat hai an 30x —10y =0 hay
3x-y=0.

D7

7

b) Biéu dién mién nghiém cla bat phuwong
trinh bac nhéat hai an 3x — y > 0.

v

NN

Budc 1. V& duong thing d: 3x — y = 0 trén \QX\\\\\

O
N

mat phang toa dé.
Budc 2. Lay diém M(1; 0) khéng thudc d va =21
diém Mthoaman 3-1-0=3 > 0.

Do @6, mien nghiém cla bat phuong trinh
la ntra mat phang bo d chira diem M(1; 0).

Z
A
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HE BAT PHUONG TRINH BAC NHAT HAI AN

2.6. a) Mién nghiém Ia mién tam giac ABC véi A(—1; 5), B(~1: 0) va C(4; 0).
b) Mién nghiém |a mién khéng bi gach nhu hinh duéi day.

A\ §

020, 0:0.0.6.0.6,0.0.0.¢
KRR
0’000 o

R

_

c) Mién nghiém la mién hinh chir nhat ABCD véi A(3; 3), B(3; -2), C(-1; -2)
va D(-1; 3).

2.7. Mién nghiém cla hé bat phuwong trinh da cho la mién tam giac AOB véi
A(6; 0), B(0; 6) va O(0; 0).
Tinh gié tri cla F tai cac dinh cta tam giac: A0; 0) = 0, F(6; 0) = 12 va H0; 6) = 18.
So sanh cac gia tri do ta dwoc gia tri Ion nhat can tim la ~/(0; 6) = 18 va gia tri
nho nhét can tim la A(0; 0) = 0.

2.8. Mién nghiém cla hé bat phuong trinh bac nhat hai an Ia hinh vuéng ABCD
vGi A(5; 0), B(0,5; —4,5), C(~4; 0) va D(0,5; 4.5).

7.

i
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i
M! 11511
//f'::{-'-if- i
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il if!/fi i
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Tinh gia tri cla F tai cac dinh cla t giac: F(5; 0) = 20, F(0,5; -4,5) = %

F(-4;0)=-16va F0,5;4,5) = —2—23. So sanh cac gia tri do ta dwoc gia tri Ion

nhét can tim 1a A(5; 0) = 20 va gia tri nho nhét can tim la F(-4; 0) = —16.
2.9. Goi x va y lan luot 1a sé lit nwéc loai A va B can pha ché. Khi dé, theo dé bai
x=20
y =20
X+y<9

45x + 15y < 315
| 0.5x +2y <12
Sé diém thudng ddi choi nhan dwoc la F(x; y) = 60x + 80y (diém). Ta can tim

gia tri 1on nhét clia F(x; y) voi (x; y) thod mén hé trén.
Mién nghiém cla hé la mién ngli gidc OABCD véi A(Q; 6), B(4; 5), C(6; 3),

ta c6 hé béat phuong trinh -

D(7; 0) va O(0; 0).

LT
BEND N 1
AT HHH

] M |JI

"// & e
7 TR 8250 —t2—te—e—ts—20—22—2¢—
\%Q%%%b‘--—-""k
RS
Polele%e %0 %%
2; SRS
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Tinh gia tri cla F tai cac dinh cla ngl giac: F(0; 6) = 480, F(4; 5) = 640,
F(6; 3)= 600, A(7; 0) = 420 va F(0O; 0) = 0. So sanh cac gia tri do ta duoc gia
tri Ion nhéat can tim 1a F(4; 5) = 640. Vay can pha ché 4 lit nuéc loai A va 5 lit
nudéec loai B dé sé diém thwdng nhan dugc la 16n nhét.

BAI TAP CUOI CHUONG II
A - Tracnghiém

2.10.C 2.13.D 2.16.C 2.19.D 2.22. A
211.B 2.14. A 2.17.:B 2.20.C 2.23.B
212.C 215.D 2.18. B 2.21.B 2.24. A
2.24. Goi x va y tuong trng la sé bao loai X va loai Y. Khi d6, theo dé bai ta c6 hé
[ x=0
y =20
bat phwong trinh 1 2x + y > 12
2X + 9y = 36
12X + 3y = 24.

Mién nghiém cla hé la mién cé cac dinh la A(0; 12), B(3; 6), C(9; 2), D(18; 0)
(mién khéng bj gach).
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Chi phi @& mua hai loai thirc an la F(x; y) = 250x + 200y (nghin déng).

Thay gia tri tai cac dinh ta c6 F(0; 12) = 2400, F(3; 6) = 1950, A9; 2) = 2650,
F(18; 0) = 4 500. Do d6, gia tri nhd nhat la A(3; 6) = 1 950. Vay chi phi nhd
nhat @& mua hai loai thtrc &n la 1,95 triéu ddng.
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B - Tuluan

2.25. a) Mién nghiém la nira mat phang b& d: x + y = -4 chira gbc toa do.
b) Mién nghiém la nira méat phang bd o 2x — y = 5 chira géc toa dd.
c) Mién nghiém la ntra mat phang bo d- x + 2y = 0 chira diém A(-1; 0), khéng
ké dwong thang d.
d) Mién nghiém la ntra mat phang b& d: —x + 2y = 0 chira diem A(-1; 0),
khong ké dudng thang d.
2.26. a) Mién nghiém la mién tam giac ABC bo di hai canh AB, AC, véi A(4; 0) va
B(10; 6) va C(10; 0).
b) Mién nghiém la mién hinh thang ABCD véi A(-2; 0), B(2; 0), C(1; 1) va D(-1; 1).
c) Hé vb nghiém.
2.27. Mién nghiém ctia hé bat phwong trinh @& cho 1a hinh thang ABCD vé6i A(-5; —1),
B(5; -1), C(3; 1) va D(-3; 1). Tinh gia tri clia Ftai cac dinh ta duoc:
F(-5;-1) = —13, F(5:-1) = 7, F(3, 1) = 9, F(=3: 1) = -3.
Vay gia tri I6n nhét 1a £(3; 1) = 9 va gia tri nhd nhét la F(-5; —1) = -13.
2.28. Goi x va y lan lugt 1a s6 tan san pham loai A va loai B ma phan xuwdng san
(x>0
y =20
3X+y <6
X+y<4
S6 tién I&i phan xuwéng thu duoc 1a F(x; y) = 2x + 1,6y (triéu dong). Ta can tim
gia tri |6n nhat clia F(x; y) voi (x; y) thoa méan hé trén.
Mién nghiém clia hé la mién & giac OABC vai O(0; 0), A(0; 4), B(1; 3) va C(2; 0).

xuat dwoc. Khi do, theo dé bai ta co hé bat phwong trinh
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Tinh gié tri cla F tai cac dinh ta duwgc F(0; 4) = % F1;3)= % F(2;0) = 4,

F(0; 0) = 0. Khi d6 gia tri I6n nhét can tim 1a F(1: 3) = 3—54. Vay sb tién 1ai 16n
nhat ma phan xuwdng cé thé thu dwoc la 6,8 triéu dong.

2.29. a) Goi x va y lan luvot la sb cbe d6 udng / va Il thoa man diéu kién dé bai.
Khi @6 ta c6 x > 0 va y > 0. Hon nira, dé nguwdi an kiéng dwoc cung cép dd luong
calo va vitamin thi 60x + 60y > 300, 12x + 6y > 36 va 10x + 30y = 90.

Tl d6, ta co hé bat phuong trinh bac nhét hai an:

P

x>0 [ x=0

y =20 y=0
60x + 60y = 300 hay { x+y =5
12x + 6y > 36 2X+y =26
. 10x + 30y =90 X +3y =9.

Mién nghiém la mién khéng bi gach véi cac dinh A(0; 6), B(1; 4), C(3: 2), I(9; 0)
nhw hinh duwoi day.
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b) Chi phi cho hai loai @6 uéng la F(x; y) = 12x + 15y (nghin déng).
c) Ta tinh gia tri cla F tai cac dinh: F(0; 6) = 90, F(1; 4) = 72, F(3; 2) = 66,
F(9: 0) = 108. Do @6 F nhd nhét tai (x: y) = (3: 2).

Vay nguoi d6 can udng 3 cdc a6 ubng [ va 2 cbe dé udng I/ dé dat dwoc cac
muc tiéu deé ra.
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CcHUONG Il - HE THUC LUONG TRONG TAM GIAC

 GIA TRI LUQNG GIAC CUA MQT GOC
L. TU 0° DEN 180°

3.1. Bap sé:
a) A=0.
b) B =0.
c) Do 5° =90° - 85°, 25° = 90° - 65°, nén theo Tinh chéat 4-a), ta c6

cos5° = sin85°, cos25° = sin65°.
Tir @6, theo tinh chét 4-c), ta duoc

N[ O

C = (sin? 85° + c0s285°) + (sin265° + cos265°) + cos? 45° = 1+ 1+ % =

d) Do 73° +107° = 75° +105° = 180° nén theo hé thirc co ban, ta cé:
12
1+ tan?73°

tan75° - cot105° = tan75° - (~cot75°) = —1. (2)

+125sin2107° = 12(cos?273° + sin?73°) = 12. (1)

Do 40° +50° = 90° nén theo hé thirc co ban, ta co

tan40° - tan50° = tan 40° - cot40° = 1. (3)

T (1), (2) va (3) suy ra D=12—4-(—1)-2-1-%=15.

e) Do 148° + 32° = 108° + 72° = 180° va 72° +18° = 90° nén
2
E = 4tan32° - (-cot32°) - cos60° + 5(-cot72°) - cos218° + 5cos218°
1
:4- —1 —+51:3
(=1) 5

3.2. HD. Sl dung hé thirc co ban, cha y do 90° < o < 180° nén

cosa = —y1-sinZo = —g. Pap sb: F = %
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3.3. HD. St dung hé thirc co ban, chi y do tana > 0 nén o la goc nhon.
Pap sb: a) G = /5, b) H = 5.

3.4. Do tano. = /2 > 0 nén o la goc nhon va coso. > 0. Chia ca tir va mau clia
K cho cos® o = 0, ta dugc

P tan® o + tan o + 2tan? o — 4

tano. - (1+ tan? o) — (1+ tan? o)
22 +2+4-4
J2.3-3

Y )
T3(y2-1) =2V +1).

3.5. a) HD. St dung héng déng thiic (a + b)* = a* + b? + 2ab va hé thirc co ban.

b) HD. S dung hang dang thic (a+ b)° = a® + b® + 3ab(a + b) va hé thirc
co ban.

¢) Sir dung hé thirc co ban sin? o + cos? o = 1, ta duwoc

Jsin® o + 6cos? o + 3 + ycos? o + 4sin? o

2 2
=J(1—COSZ(Z) +6c0s? o+ 3 + J(1»3in2(x) + 4sin® o

= \’4 +4cos? o +cost o + J1 + 2sin? o + sin® o
(24 cos?a) + (1+sina) = 4.

3.6. a) Ngay 10/10 la ngay th&r 283 clia nam khéng nhuén. Do d6, goc nghiéng
clia Mat Troi vao ngay nay tai vi @6 ¢ = 20° bang

‘7 N N
2(283 + 10
o = 90° - 20° _ |cos| | 2283 )—1"180" 23,5
365 ) )
~70° _ |cos 2 23.5° ~ 62 35°

cos—— - 180°| -
365

b) Cha y. Vi d6 clua noi c6 goc nghiéng Mat Trdi o vao ngay thir N trong
nam bang

(2(N+10) )

¢:90°—a—cost o —1J-180°

- 23,5°,
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@I Ef THUC LUONG TRONG TAM GIAC

3.7. a) Ap dung dinh li sin, tinh dwoc b = 642(4/3 + 1), a = 124/2.
b)Pap sb: R = 12.

c)bap sé: S :%bcsinA =36(4/3 +1).
d)Pap sé: h, =3J2(\3+1), hy =6v2, h, =6(J3 +1).

3.8. a)Pap sb: cosA = —g.

b) C6 thé tinh dién tich theo céng thirc Heron hodc céng thirc S = %bc sinA.

Pap sé: S = 10414

c) Dap sb: h, _£.

Jia
=3

d) St dung céng thi'c S = p-r. Déap sb: r =

3.9. a) Theo dinh i césin, ¢? = a% + b?> — 2abcosC =16 +25-2- 4. 5%: 21.

Suyra ¢ = /21

4 32
Ap dung dinh li sin, ta dwoc sinA = =-sinC =
PE V2
Suyra A = 49°624”.
Clng vay, tinh dwgc sinB =E- —i-ﬁzi.
c 21 2 27

Suy ra B = 70°53'36".

b) Pap sb: S = 543,

c) Ap dung céng thirc tinh @6 dai dwéong trung tuyén (Vi du 3).
Pap sé: m, = J19.

3.10. a) T gia thiét suy ra ABC = (90° —24°) +(90° - 36°) = 120° (H.3.7).
Ap dung dinh li cdsin cho tam giac ABC ta dugc
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AC2 = AB2 + BC2-2.AB-BC -cosABC

/
= 2500+ 16900 -2-50-130- L—%] = 25900.

Suyra AC = 104259 = 161 (km).

N o
N36° W i N24° E

W -t - F

N

Hinh 3.7
b) Ap dung dinh i sin cho tam giac ABC ta duoc sinCAB = % sinABC = 0,6993
Suy ra CAB = 44° va do d6 AC chénh vé hudng tay mét goc 44° — 24° = 20° so
voi phuong béc.
Vay hudng tir A t6i Cla N20°W.
3.11. Coi diém xuét phat 1a A, diém tau chuyén huéng la B va dich dén la C (H.3.8).
Theo gia thiét
ABC =180° - (10° + 20°) = 150°.

N
N80° E
W E
E20° S
S

Hinh 3.8
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Do tau chay tir A t¢i B véi van te 20 km/h trong 30 phat, nén
AB =202 _ 10 (km).
60
Do tau chay tir B @én C véi van téc 20 km/h trong 36 phut, nén
BC =20 28 = 12 (km)
60
Ap dung dinh li cdsin cho tam giac ABC ta duwoc
AC? = AB> + BC? - 2- AB-BC - cos ABC =102 + 12 -2-10-12-[-—J ~ 452,

Suyra AC = J452 =~ 21 (km).

3.12. Ap dung dinh li sin cho tam giac ABC (H.3.9).
Pap sb: Chiéu cao clia cay la h = 20,23 (m).

3.13. a) Tt dinh li césin va cbéng thurc tinh
dién tich clia tam giac, suy ra

cosA b*+c?-a° b*+c’-a

COtA = — = _ -
sin A 2bcsin A 48
2,22 12 2, P2 _ A2
Tuong tw cling c6 (:othC ta -b ,cotC:a +& —c :
4S8 4S8

a?+b? +c?
4s
b) HD. Ap dung céng thirc tinh d6 dai dudng trung tuyén.

T d6 cotA + cotB + cotC =

3.14. a) Goi M, N theo tht tw la trung diém clia cac canh BC, CA: goi G la trong

tam cua tam giac ABC (H.3.10). Khi dé AG=§AM, BG=§BN. Tl do, theo

dinh li Pythagore ta co

2 2 2 2 2 2
c2:AB2=AG2+BG2=i[b;C_a_j+i[C +a _b_]
9 2 4 9 2 4
4( 2 82+b2J
=—|c*+ :
9 4

Suy ra 5¢2 = a? + b2,
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2 2 2 2

b) Do a2 + b? = 5¢2 nén cotC = 2 el AN

48 S

b2+02—a2+02+a2—b2j A
4S8 4S8

Ma

2(cotA +cotB) = 2[

CZ
S’ N

Suy ra cotC = 2(cotA + cotB).

B M C
Hinh 3.10
3.15. HD. Ap dung dinh lisin,tacé a:b:c=1:2: J3.
Pap sé: A = 30°, B = 90°, C = 60°.
3.16. T dinh li sin va cdng thirc tinh dién tich, suy ra dién tich cla tam giac bang
abc (2RsinA)(2RsinB)(2RsinC)

S = = = 2R?sinAsinBsinC.
4R 4R

Twr 6, do S = 2R?sinAsinB, suy ra sinC = 1 va do dé C = 90°.
Suy ra diéu phai chirng minh.

BAI TAP CUOI CHUONG 111
A - Tricnghiém

3.17. A 3.23.B 3.29. A 3.35. A
3.18.C 3.24. A 3.30. A 3.36. C
3.19. A 3.25.B 3.31.B 3.37.B
3.20.B 3.26. D 3.32. B
3.21. A 3.27. A 3.33. A
3.22.D 3.28.C 3.34.C

B - Tuluan

22 1
3.38.a) coso = ———, tano. = ———, cotu = —2J§.
) 3 22
b) A = 2‘%‘1; B =-3.
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3.39. Do Sin15° :@, suy ra 003150 — 1/1 _Sin215o _ \/6;\/5

: (o]
Do d6 tan1s° = 3N15" _»_ 3

cos15°
a) sin75° = sin(90° - 15°) = cos15° = @.
cos105° = cos(180° — 75°) = —cos75° = —cos(90° - 15°)
= -sin15° =-‘/§“/§.—. V2 -6
4 4

tan165° = tan(180° — 15°) = —tan15° = -2 + /3.
b)Pap s6: A = -1.
3.40. Pap sé: CAB = 90°, BCA = 30° va CA = 3.
3.41. a) HD. Ap dung dinh li césin.
Pap sé: b =7, A = 41°, C = 19°.

b) Pap sb: S :g.
b 7

3.42. a) HD. Ap dung dinh li césin.
Pap sé: C =120°, A = 22°, B = 38°.
b) Ap dung dinh li sin, ta dwgc ban kinh dwdng tron ngoai tiép cla tam giac la

rR-_C¢ __T
2sinC 43’
Doa=3,b=5va C = 120° nén dién tich clia tam giac la

S = 1absinC = %
2 4
Tir d6, ban kinh dwdng tron ndi tiép clia tam giac la

28 4B
a+b+c 2
J3 -1

3.43. bap s& a =+f3.h, = —

r
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3.44. a) HD. Ap dung dinh i césin.
Pap s6: b=7,C = 38° A = 82°

2043
5

c)bap sé6: m, = /21.

b) Dép sé: h, =

3.45. a) Pap sb6: A =135°,a =242, b =6 - V2.
b)Papsé: S =+3-1R=2

¢) Do CD la phan giac clia BCA nén BCD = DCA = 15° = CBD. Suy ra tam
giac DBC can tai D. Twr d6, néu goi / la trung diém cla BC thi IC =B = J2
va DI L BC (H.3.11).

A
m
C # l H B
V2 V2
Hinh 3.11

Terde co=—<_ _ 2(43 -1).
cos/CD

3.46. a) Do ban dau tau chay theo hudng déng tir A t6i B, réi chuyén sang £30°S
chay t6i C, nén ABC = 180° — 30° = 150° (H.3.12).

N A 15 km B

20 km

C
Hinh 3.12

Ap dung dinh Ii cdsin ta dwoc AC? = AB2 +BC% -2 AB -BC - cos ABC = 1144,6
va do d6 AC =~ 34km.
b) Ap dung dinh li sin cho tam giac ABC ta duwoc

SinCAB = sin ABC

-BC = 0,2941.

Suyra CAB =~ 17°. Vay tir A t6i Cla hwéng E17°S.
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3.47. Coi ngudi quan sat tir diém A cach gbc cay B mét khoang bang 30 m, nhin
ngon cay C dudi goc 45° (H.3.13).

Hinh 3.13

Do swdn ddi co do6 déc 12%, nén swon ddi tao véi phwong nam ngang mot
goc BAH = 7°
Tlr 86 BAC = HAC — HAB =~ 38° va BCA = 45°.
Ap dung dinh i sin cho tam giac ABC, ta dwgc
AB

BC = ———-sinBAC = 26(m).
sinBCA
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CHUONG IV - VECTO

1 A A
\ CAC KHAI NIEM MO PAU
4.1. Do M la trung diém clia BC va G la trong tam A
clia tam giac, nén A, G, M thdng hang theo thir
twdova AG = %AM (H.4.17).
Suy ra hai vecto GA, GM ngugc hudéng va G
|GA| = 2[GM|. Do a6 [AM| = 3Gml.
Tlr @6, cac khang dinh a, ¢, d la cac khang dinh B8 M C
dung; khang dinh b 1a khang dinh sai. Hinh 4.17

4.2. C6, d6la vecto 0.

4.3. V/6i hai vecto khac vecto 0, cung phwong thi hoac chung cung huéng, hoac
chung ngugc huéng. Tir d6, néu a nguoc huong voi b va a nguoc hwdong
vGi ¢ thihai vecto b va ¢ clng hudng.

4.4. Do ABCDEF 14 luc gi4c du tam O (H.4.18), nén: A A
— Céc cap canh déi dién AB va ED, BC va
EF, CD va FA song song va bang nhau;

— Ba duong chéo chinh AD, BE, CF déng f c
quy tai trung diém cia méi duong; ‘

— M6 duong chéo chinh song song VOi
moét cap canh cdé dau mut khéng thudc E D
dwong chéo ay. Hinh 4.18

Suy ra:
a) Cac vecto khac 0, cung phuong voi OA la: OA, AO, OD, DO, BC, CB,
EF, FE, AD, DA.
b) Céc vecto béng vecto AB la: AB, FO, OC, ED.
4.5.a) Do AA’ la duéng kinh clia (O), nén ABA’ = ACA’ = 90° (H.4.19).
Suyra A'C L AC (1)
va A'B L AB. 2)
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Do H la tryc tam cla tam giac ABC nén

BH 1 AC (3)
va CH L AB. (4)
Tw (1), (2), (3) va (4) suy ra tir giac BHCA'la
hinh binh hanh.
Do d6 BH = A'C.
b) Do AA'la duwdng kinh cta (O), nén O la
trung diém cla AA'(H.4.20). (5)
Do BHCA'la hinh binh hanh, nén trung diém
M clia BC ciling la trung diém clia HA.  (6)
Tw (5) va (6) suy ra OM la dudng trung binh
clia tam giac AHA".

Do d6 OM /Il AHva OM =%AH.

Suy ra hai vecto AH va OM cung huong
va |AH| = 2loml.

Hinh 4.20

4.6. Ta st dung vecto v - |v] = 20 @& bidu thi cho van téc clia tau, vecto AB @&
biéu thj cho quéng du’dpg va huong chuyén déng cla tau tir A t6i B (H.4.21).
Do tau chuyén dong déu tr A, v&i van téc 20 km/h, trong 2 gi¢ téi B, nén
AB = |AB| = 2|v| = 40 (km).

Vay A cach B 40 km.

N n20°E g
w E v
S20°W s
A
Hinh 4.21

Do B & vé huéng N20°E so vdi A, nén A & vé huéng S20°W so véi B.
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| TONG VA HIEU CUA HAI VECTO

4.7. Tl mot diém O bat ki, ta vé OA = a réi vé A
AB = b. Khido OB =a+ b (H.4.22).

24
S

Vi a b khéng cung phuong nén O, A, B
khéng thang hang. Khi dé, trong tam giac
OAB, ta c6 OA—-AB < OB <OA + AB hay © a+b B
1a |al - Bl < a + B < [al + [B. Hinh 4.22

4.8. (H.4.23) a) HD. Ching minh hai
tam giac BOM va DON bang nhau.

b) Do O la trung diém ctia BD va MN
nén BMDN la mét hinh binh hanh.

Suyra BM +DN =0. (1)
Do G la trong tam tam giac BCD A N D
nén GB + GC + GD = 0. (2) Hinh 4.23

B M C

Theo quy tic ba diém, ta co0 GM = GB + BM va GN = GD + DN. Tir do va (1),
(2) suy ra

GC+GM+GN =GC + (6B +BM) + (GD + DN)

- (GB +GC +GD) + (BM + DN) = 0.
Suy ra G la trong tam tam giac MNC.
4.9. a) Theo tinh chét két hop clia phép cong vecto, ta co
AB +BC + CD + DA = (AB + BC) + CD + DA
= AC +CD + DA = (AC + CD) + DA
=AD+DA=AA=0.
b) Do AB +BC +CD + DA =0 nén (AB + BC + CD + DA) + AD = AD.
Do tinh két hop cla phép cong, ta duoc AB + BC +CD = AD. (1)
Ttr 36 (AB + BC + CD) + CB = AD + CB .

Do tinh két hop, giao hoan clia phép céng vecto, tinh chét clia vecto 0, nén

_— —  —  ——  —— —

AD+CB=AB+BC+CD+CB=AB+CD+(BC+CB)=AB +CD.

4.10. a) Do D |a trung diém cla BC, E la trung diém cutia CA, F la trung diém cla
AB nén AF = FB, BD = DC, CE = DF.
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Do CE = DF nén tir giac CEFD la hinh binh hanh.
Tl @6 -BD+ CE = CD +CE = CF.

Suyra AF-BD +CE =FB +CF = CF + FB = CB.

b) Gia st tim duoc diém M thoa man AF — BD + CE = MA. Khi do, theo két

qua cau a, ta dugc CB = MA. Suy ra t giac ABCM la hinh binh hanh. Va do
d6 diém M can tim déi xirng v6i B qua E.

c) Do ABCM la mét hinh binh hanh, nén MC = AB.
4.11. Ta st dung cac vecto AB, AC, AD 1an lwot biéu thi
cho céc luc l_ﬂ’ /?2’ 1?3' va vecto AE biéu thi cho hop Iuc

F cla F, F, (H.4.24). Khi d6, do BAC = 90° nén t&
giac ABEC la hinh chit nhat. Tir d6, do AB = 30 (N),
AC = 40 (N), suy ra

IFl = AE = /302 + 40% = 50 (N).

Do vat & vi tri can bang, nén hai luc F va F; cb cling F3

cwong dé va nguoc huong, e la cac vecto AE va AD
la cac vecto co cung dé dai va ngugc hudng. Boi vay,

TS R D
cuong d6 clia luc F, bang |F| =IFl = AE = 50 (N). ——

4.12. Ta sir dung cac vecto AB, AC, AD lan lwot biéu thj cho cac luc F, Fy, Fs
va vecto AE dé biéu thi cho hop luc F cla hailyc F,, F, (H.4.25). Khi do,

tlr giac BACE la mét hinh binh hanh. Tir d6, do AB = AC = 2.3 va BAC = 60°
nén BACE |a mét hinh thoi va tam giac ABC la mét tam giac déu.

Dodd AE =2- M=6
B
> — 60° \.bE
F A F //"
> /’/,
Hinh 4.25 C
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Do A & vi tri can bang nén hai luc F va F, c6 cung cwdng d6 va nguoc
hudng, tic la cac vecto AD va AE dbi nhau. Bai vay, cudng dé clia luc F;

bang |F| = IFl = AE = 6 (N).

4.13. Do D, E theo tht tw la trung diém

clia BC, CA (H.4.26), nén A

DE = —%E (1)

BC = 2BD = 2DC 2) 4

Theo quy tac ba diém, ta co:

AB = AD + DE +EB (3)

BC = 2BD = 2AD - 2AB (4) B D C
1 Hinh 4.26

&\’:LTA’—D—C:—E—ER'. (5)

Ter (1) va (3) suy ra A_B'=ﬁ—lA_B’—B_E':>ﬁ=§E—§§:".

N

‘ . = Bz B (e Poseily (B d s
TUr (3) va (4) suy ra BC = 2AD — 2L§AD—§BE SAD +<BE.

Tir (4) va (5) suyra CA = —AD - (%ZB + %‘375’] L _%ﬁj _5375_

4.14. a) Theo quy tac hinh binh hanh, OA + OB = OC
véi C la dinh th tu cla hinh binh hanh OACB dung B C
trén hai canh OA, OB (H.4.27a).

Do tam giac OAB vuéng can tai O, nén OACB la hinh

vuong. Khi do
locl = oc = voa? + 082 = aJ2.
b) Theo quy tac ba diém, OA — OB = BA. 5 ;
Tw do, do tam giac OAB vudng can tai O, nén Hinh 4.27a
|BA| = AB = av2.
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c) Lay diém D ddi xirng v6i O qua B (H.4.27b). Khi D E

d6 OD = 20B. Theo quy tac hinh binh hanh, ta c6 Vi
OA +20B = OA + OD = OE V6i E la dinh the tw
ctia hinh binh hanh OAED dwng trén hai canh OA,
OD. Do tam giac OAB vudng can tai O nén OAED la

hinh chr nhat, véi OA = a, OD = 2a.

Suy ra [0E| = OF = J0A? + 0D? = ay5.

d) Lay F di x(tng B qua D va lay G
doi xteng voi O qua A (H.4.28). Khi do

OG = 20A, OF = 30B. Suy ra

20A-30B=0G-0OF =FG. (1)

Do cach dung cac diém F, G, tam giac
OFG vuobng tai O, OG = 20A = 2a,
OF = 30B = 3a.

Tl déva (1) suy ra
|204 - 30B| = |FG| = FG

—JOF2 4+ 062 = a3,

o A

Hinh 4.27b

G

Hinh 4.28

4.15. a) Do H la trwc tam cula tam giac ABC, nén BH L CA, CH L AB. (1)
Ké dudng kinh AA' clia dudng tron ngoai tiép (0). Khi dé O la trung diém clia AA'
(H.4.29). Hon ntta A'CA = 90° = ABA, do do

A'C L CA AB L AB. Tlr d6 va (1) suy ra
A'C /I BH, A'B Il CH va do do6 tr giac BHCA'
la hinh binh hanh. Ma M la trung diém cua
BC, suy ra M cling |a trung diém ctia HA'

Trong tam giac AHA' ¢ O |a trung diém cla
AA', M la trung diém cia A'H, suy ra OM la
dwong trung binh. T d6 AH /[ OM va

AH = 20M. Suy ra AH = 20M.
b) Do M la trung diém clia BC nén
OB + OC = 20M = AH.

Suy ra OA + OB + OC = OA + AH = OH. (1)
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c) Goi G la trong tam AABC nén ta c6 OA + OB + OC = 30G. T d6 va (1)

suy ra OH = 30G. Bdi vay hai vecto OH va OG ciing phuong hay O, G, H
cung thuéc mét dwong thang.

4.16. Do  la trung diém clia MN nén ta c6 IM +IN = 0. (1)
Do M la trung diém clia AB nén IA + IB = 2IM. (2)
Do N Ia trung diém ctia CDnén IC + 1D = 2IN. (3)

T (2), (3), theo quy téc ba diém, ta co

OA + OB + OC + OD = (Oi +14) + (0i + IB) + (O +IC) + (Of +1D)
= 401 + (JA +1B) + (IC +ID)
= 401 + 2IM + 2IN.
Tir 6 va (1) suy ra OA + OB + OC + OD = 40I. B
4.17. Do M la trung diém cla AB, N la
trung diém cta BC nén MN la dudng
trung binh cuia tam giac ABC (H.4.30).
1

Do @6 MN = -Z-R’. (1)
Tuong tw cling co PQ = %(7:" (2) f
D
va RS = LEA. (3)
2 Hinh 4.30

Theo quy téc ba diém va tinh chat két hop cla phép céng vecto, ta co
AC+CE+EA=AE+EA=0.

Tor @6 va tir (1), (2), (3), suy ra MN + PG + RS = -(AC + CE + EA) = 0.

N

Do d6, theo két qua cla Vi du 3 thi hai tam
giac MPR va NQS c6 cung trong tam.

4.18. Puong thang di qua M va song song Voi
BC cét AB, AC tai L, I; dwéng thdng di qua
M song song v&i CA cat BC, AB tai H, K;
dudng thang di qua M song song Vvoi AB cat
CA, BCtai J, G(H.4.31).

Do tam giac ABC déu va MG // AB, MH I/ AC

nén tam giac MGH cling la mét tam giac /
déu. T d6, do MD L GH nén D la trung g
diém cua GH.
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Suy ra 2MD = MG + MH. (1)
Twong tu cting c6 2ME = Mi + MJ; 2MF = MK + ML. (2)

T (1), (2) suy ra 2(MD + ME + MF) = MG + MH + Mi + MJ + MK + ML.  (3)
Do MK I/ AC, MJ i AB nén tt giac AKMJ 1a hinh binh hanh. Suy ra

WK + MJ = VA (4)
Tuong tw, ciing c6 MG + ML = MB, MH + Mi = MC. (5)

T (3), (4), (5) suy ra 2(MD + ME + MF) = MA + MB + MC = 3MO (do O la
trong tam cla tam giac déu ABC). Tt d6 suy ra diéu phai chirng minh.

4.19. a) Gia str tim duoc diém M sao cho MA + MB + 2MC = 0.

Goi /& trung diém clia AB va J la trung diém ctia IC. Khi d6 MA + MB = 2MI.

vay MA + MB + 2MC = 2Mi + 2MC = 4MJ.

Suyra MA + VB +2MC =0 < 4MJ =0 < MJ =0 hay M = J.

b) Gia sk tim dwoc diém N thoad mén N

4NA — 2NB + NC = 0,

Goi K la trung diém clia CA (H.4.32). Khi d6

4NA - 2NB + NC = 2(NA - NB) + (NA + NC) + NA
— 2BA + 2NK + NA.

Goi J 1a diém thoa man 2JK + JA = 0.

Khi d6 2NK + NA = 3NJ .

Do d6 4NA — 2NB + NC = 2BA + 3NJ.

Tir 46 4NA - 2NB + NC =0 2

@2§4+3m=6@ngﬂi. (1) Hinh 4.32

L4y diém L thudc canh AB sao cho AL = %A_B'. Khi d6 (1) & NJ = AL

T @96, do A, L, Jkhéng thang hang, nén t& giac ALJN la mét hinh binh hanh.
Vay, diem N can tim la dinh thi tw ca hinh binh hanh ALJN.

4.20. a) Gia sl tim duoc diém K thoa man KA + 2KB + 3KC = 0.
Goi [ la trung diém clia AC, goi Jla trung diém cltia BC. Khi d6

KA + 2KB + 3KC = (KA + KC) + 2(KB + KC) = 2Ki + 4KJ. (1)
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L&y diém L thudc doan IJ sao cho LI = 2LJ. Khi d6, theo két qua Vi du 2, ta dugc
Li +2LJ =0. Suyra Ki + 2KJ = 3KL. Tirdova (1) suy ra KA + 2KB + 3KC = 0
& 2(Ki +2KJ) =0 < 6KL = 0, didu nay twong dwong véi K = L.

b) V&i méi diém Mta c6 MB — MC = CB. (2)
Theo két qua phan a), MA + 2MB + 3MC = 6ML. (3)

Tw (2) va (3) suy ra

VA + 2MB + 3MC| = [MB - mc| < 6|mL| = |CBl = Lm = %.
T d6 suy ra tap hop tat ca cac diém M can tim 1a duéng tron tdm L, ban kinh
bang ge
=
4.21. Lyc day Archimedes l—i va trong luc P déu tac déng Ién vat theo phuwong
thang dtng, hai luc nay nguoc huéng. Do & trang thai can bang vat néi (chim
mot nlra), nén hai lwc nay cé cuwdng dd bang nhau.
Goi d, d' twong &rng la trong Iwong riéng cla vat va trong lwong riéng cla chat
1ng: goi V14 thé tich clia vat. Khi d6 trong Iong clia vatbang P = [Pl = dv. (1)

Luc dy Archimedes tac dong 1&n vat c6 cong d6 bang Fy = [F| = o - % 2)

T (1) va (2), @&y réng P = F,, suyra % -2

\ VECTO TRONG MAT PHANG TOA PO

4.22. Do M la trung diém cla BC, N la
trung diém clia CA, P la trung diém clia
AB, nén MN, NP, PM la cac duong
trung binh clia tam giac ABC va do d6
MN Il AB, NP /I BC, PM Il CA (H.4.33).

Do MN /I AB va MP /I AC nén tir giac
APMN la hinh binh hanh, va do d6

OA = ON + OP — OM.
Tir d6 suy ra OA = (3; 5), do d6 A cb

toa d6 la (3; 5). Bang lap luan twong 1
tw, tim dwoc B(1; 1) va C(7; —1). Hinh 4.33
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4.23.a)Pap sb6: AB = 26, BC = /52, CA = +26. Tam giac ABC vudng can tai A.
b) HD. Hinh vuéng ABDC la mét hinh binh hanh.
Dap sb: D(6; 5).
4.24. a) Bap sb: P(3; 0).
b) Bap so: Q(0; 11).
c) Gia sir tim duoc diém R thoa man yéu cau. Do RM + 2RN = 0 nén

OM + 20N = (1+ 2)OR hay OR=%OM +§ON

va do d6 R c6 toa do (2; gj
11
Do %=(—3;11),ﬁ?=[—1; 13—1] Do _—;=% nén hai vecto PQ va PR

cung phuong va do @6 P, Q, R thédng hang.
4.25. a) Dap sb: P(0; 5).

b) Dap sb: Q(-2; 7).

c) Pap sb: R(-3; -2).
4.26. a) Dap sb: E (0; 4).

b) Bap sé: F(7; 0).

c)Do C(1 6), D(11 2), nén CD = f(11- 17 + (2—6)% = 116 = 24/29.
Goi / 1a trung diém CD, thé thi I(6; 4) va voi méi diém M déu co MC + MD = 2MI.
Suy ra |MC + MD| = ¢D < 2|Mi| = 2429 < IM = J29.

Vay tap hop cac diém M can tim la duéng tron tam / ban kinh C—2D = J29.

4.27. a) HD. Chirng minh cac vecto AB va AC khéng cling phuong. Trong tam
clia tam giacla G(Z %)
b) HD. Goi / la tam dwdng tron ngoai tiép va H la tric tam cla tam giac ABC.
Théthi IA = IB =IC va IH = 3IG.
Pap sb: I(Eéj H(—E;gj.
44 2" 2
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4.28. Chon hé toa @6 Oxy sao cho A(0; 0), B(200; 0), C(200; 180), D(0; 180).
Goi vi tri cac cét dién duoc tréng la C,, C,, Cs, C, (H.4.34).

Do C; thuéc canh AB va ¥ C
D 4 C
AC, =20 nén C,(20;0), do 180 7
C, thuéc canh CD va //
C4C =30 nén C,(170; 180). c /
Suy ra CC, = (150; 180). (1) /
Do bén cét dién Cq, Cs, Cs, Cy /'
dugc tréng lién tiép, cach 7
déu trén mot duong thang, c/?/
N
nén CC, = §C1C4 va ‘ //
C1C3 = '—2'C1C4 B c‘l/ B
3 OlA 200 )T
Goi toa d6 cua C, d6i voi hé —
- Hinh 4.34
truc dang xét la (x; y). Khi d6 C,C, = (x —20; y).
1 {x -20 = 1—20 =40
3 180
y = T = 60

Suyra x =70,y =60, ticla C,(70; 60).
Khi @6 d(C,; AB) = d(C,; Ox) =60 (m) va d(C,;AD) = d(C,;0y) =70 (m).
Hoan toan twong tw, cling dugc d(C,; AB) =120 (m), d(C5;AD) = 120 (m).

A TiCH VO HUONG CUA HAI VECTO

4.29. a) Do tam giac ABC la tam giac déu véi dé dai cac

5 20°

canh bang 1, M la trung diém BC, nén MA = L

309

(MA:BA) = 30°, (MA:AC) = 120° (H.4.35).

Suy ra MA - BA = [MA| . |BAl - cos(WA: BA) = %
il zAl — —— |3
MA-AC_IMA|~|ACI~cos(MA,AC)_—T. gl "
Hinh 4.35
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b) Do tam giac ABC déu, nén
(AB;AC) = 60°. (1)
Do Mla trung diém cha BC nén

AM = %(Hé +AC). (2)

DoNdbixtngvéiBquaC,nén g M ¢

C la frung diém clia BN (H.4.36). Hinh 4.36
Suyra AN = 2AC - AB. (3)

T (1), (2) va (3) suy ra

S

AM-AN=§(H§+F:)-(2A_C’—HB’)

=%(A_B’-2AC+Ac-2AC-Ac-A_B’-ATB“-H3’)

1

I 2 CE )
:E[AB-AC+2AC - AB ):

Z.

c) Do P thugc doan AN thoa méan AP = 3PN nén AP = %AN = %AC —%

(H.4.37).

Suyra WP = AP — AM = (SAC - 2AB |- (128 + L AC | = AC - 22B.
2 4 2 2 4

Tl d6
s B oy B A
MP? = MP" =| AC ~—AB 4
- AC* + 227" -2.AC -2 7B
16 4
p
T .
16 2 2 16
B M C
V21
BHY.IR M ===, Hinh 4.37

4.30. (H.4.38)a)Dat AB = b, AD=d voi Bl =1]dl =v2 va b-d = 0.

Khi @ AC = b +d. Hon nira, do M la trung diém clia AD nén AM = %a’ va

do d6 BM = AM — AB = —d — b,

N|—
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4.31. Do A < 90° nén

Suy ra R-W=(5+a)-(%a—5j=—52+

Tir d6 AC L BM.
b) Theo dinh |i Pythagore ta c6 AC =+/3

va AH = ——. Suyra AH =%R.

NE)

Do N la trung diém ctia AH nén

Hinh 4.38

Do P la trung diém clia CD va N la trung diém ctia HA, nén theo két qua bai
4.12, Toan 10 tap mét, ta cé

T (1) va (2) suy ra
NB.-NP=(25_-13).
6 6 3 6 18 36 18 36

Suy ra NB L NP va do d6 tam giac NBP vuoéng tai N. E

(= B —~ —2
le+§dj:ib2—id :i-1—i-2=0.

BAE =90° + A = CAD. (1) D
a) Do Mla trung diém clia BC (H.4.39a)

=t

nén AM:E(E’JrR'). 2)

Theo quy tic ba diém, ta c6 DE = AE — AD.
Twdoéva(1),(2)suyra
2AM - DE = (AB + AC) - (AE - AD)
-~ AB - AE —-AB-AD+ AC - AE — AC - AD
= AB - AE —-AC-AD (doAB L AD, AC L AE)
= AB - AE - cosBAE — AC - AD - cosCAD =0
(do AB = AD, AE = AC va (1)).

B M C

Hinh 4.39a

Suy ra AM 1 DE.

115



b) TUr gia thiét suy ra DAE = 360° — DAB — BAC — CAE = 180° - A.  (3)
Theo quy tac ba diém, ta c6 BE = AE — AB, CD = AD — AC. Suyra

BE.CD=(AE-AB) - (AD-AC) = AB-AC + AE - AD
— AB-AC -cosBAC + AE - AD - cos DAE
=0 (do AB=AD,AC = AE va (3)).

Tl d6 BE L CD.

3 Ly - a2 S,
Hon nita BE2 = BE- = (AE - AB)” = AE2 + AB2 — 2AE . AB - cosBAE

2 2 e =t =i\ D 2
~ AC2 + AD? —2AC - AD -cosCAD = (AD - AC)” =CD” =cD2,
Suy ra BE = CD.

c) Do M la trung diém clia BC va N la
trung diém cla BD, nén MN la duéng
trung binh clia tam giac BCD (H.4.39b).

Do dé MN /I CD, MN = %CD. (4)

Cilng vay, MP la duong trung binh cla
tam giac BCE.

Do d6 MP /I BE, MP = —;-BE. (5)

Tir (4), (5) va két qua chia phan b) suy ra
MN = MP va MN L. MP, hay tam giac MNP
vudng can tai M.

Hinh 4.39b

4.32. HD. T mét diém O, dung vecto OA = a, réi dung vecto AB = b.
Khi d6 OB = a + b va tam giac OAB vudng tai A.
a)Pap sé. a-(a+b) =36
b) Dap sé. (a;a + b) ~ 53°7°48”.

4.33. Goi H la truc tam va O la tam
duong tron ngoai tiép cua tam giac
ABC (H.4.40). Khi d6 D, E, F tuwong
tng la hinh chiéu vuéng géc cia H
trén BC, CA, AB va M, N, P theo thw
tw la hinh chiéu vuéng géc clia O trén
BC, CA, AB.

Hinh 4.40
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Theo dinh i chiéu ta cé:
MD -BC = OH-BC = OH - (OC - OB) = OH -OC — OH - OB
NE CA=0H-CA=0H-(OA-0C)=0H 0A-0OH-0C
PF .- AB = OH - AB = OH - (OB —~ OA) = OH - OB — OH - OA.
T do6 suy ra MD-BC + NE -CA + PF - AB = 0.
4.34. a) Pap sé: C(3; 0). Chu vi tam giac ABC bang 3+/2 + /10.
Dién tich tam giac ABC bang 2.
b) HD. Diém D thoa m&n ddng thoi hai diéu kién vecto AD cung phuong Voi
vecto AC va AD = AB = 24/2.
DPap sé: Co hai diém D thoa man la D1(0; 3) va Do(4; —1).

4.35. HD. Do ABCD la hinh vuéng nén hai duéng chéo AC, BD béng nhau va
vuébng géc vai nhau tai trung diém chung [ ctia chung.
Dap sé: B(4; -1), D(6; 7).

4.36. a) Xét diém C(c;0)e Ox. Khi @6 CA? = (c—1)° +1,CB? = (c -7) + 25.
Vay C cach déu A, B khi va chi khi
CA’=CB?’ s (c-1P°-(c-7°=25-1&cC=6.
Vay C(6; 0) la diém can tim.
b) Goi M1a trung diém AB. Khi d6 M(4; 3). V6i moi diém Dta c6 DA + DB = 2DM.

Suy ra vecto DA + DB c6 d6 dai ngdn nhét khi va chi khi vecto 2DM c6 d6
dai ngan nhat.

Tir @6 diém D thudc truc tung sao cho vecto DA + DB c6 d6 dai ngén nhét khi
va chi khi D |a hinh chiéu vuéng goéc clia M trén Oy, tirc la D(0; 3).

4.37. a) HD. Chung minh hai vecto AB, AC khéng cung phuwong.
Pap sb: G(%; 2}
b) T gia thiét, suy ra AB = (4 3), BC = (2-6). Goi H(x;y) la tryc tam cua
tam giac ABC. Khi 6 AH =(x+3,y -2),CH=(x -3 y +1).
Do AH L BC,CH L AB nén

[2(x+3)-6(y —2)=0
|4(x =3)+3(y + ) =0.
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Tir d6 tim duoc x = 0, y = 3. Vay triec thm cla tam giac ABC la diém H(0; 3).
c) HD. Str dung két qua clia bai tap 4.15.

Pap sé: I(l;g}
22

4.38. Do luc F khéng déi, tac dong 1én chat diém trong sudt qua trinh chuyén
dong cla chéat diém, nén cong sinh bai luc F khi chat diém chuyén dong theo
duong gap khuc tr Mt6i N rdi tr N16i P bdng A, =F-MN + F-NP (1)
va cong sinh bdi luc F khi chat diém chuyén dong thang tir M tdi P bang

A, =F - MP. (2)

Tw (1), (2), @& yrang MP = MN + NP, suyra A, = A,.

BAI TAP CUOI CHUONG IV

A - Trac nghiém

4.39. A 4.43. A 4.47.B 451.C 4.55.C

4.40.C 4.44.B 4.48. A 4.52. B 4.56. A

441.B 445.C 4.49. B 4.53.D 4.57. B

442.D 4.46. D 4.50.C 4.54.B 4.58. A
B - Tu luan

4.59. (H.4.41) a) Nhiing vecto bang vecto AB : AB, NM, DC:
Nhirng vecto cung huéng Vvoi B | M i &

_ — —— ——— ——

vecto AB: AB, NM, NO, OM. DC.

b) Do ABCD la hinh binh hanh
nén O la trung diém chung cla
AC va BD. Do M la trung diém
clia BC nén [ la trong tam cua
tam giac ABC, do N la trung
diém cla DA nén J la trong A

tam cla tam giac CDA. Hinh 4.41

Theo quy tac ba diém ta co BA + BC = BD. (1)

Do / la trong tam cuia tam giac ABC nén BA +BC = BA + BB + BC = 3BI .
T déva(1)suyra BD = 3BI. (2)
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Hoan toan twong tw, chitng minh dwoc DB =3DJ. Tir d6 va (2) suy ra
Bl = 1J = JD.

4.60. (H.4.42) a) Do M, N thudc canh BC sao cho BM = MN = NC nén MB,NC

nguoc hwéng va cung dé dai. Bdi vay AA + MB + NC = MB + NC = 0. Tt d6,
theo két qua cla Vi du 3, Bai 9, hai tam giac AMN, ABC c6 cung trong tam.

b) Ttr gia thiét suy ra MC = —2MB. A
Tir d6, theo Nhan xét & Vi du 2, Bai 9, thi
(1=(=2))GM =GC - (-2)GB.

Suy ra GM =20 +7 .
3 3
Twong tw, cling duoc GN = %D + %\7. =
Do G la trong tam cuia tam giac ABC , . )
; = B M N C
nén GA+GB +GC=0.
__. SR DR, (R Hinh 4.42
Suyra GA=-GB -GC. vado dé GA = -u - v.
4.61. a) Goiy: BC = AC - AB.
Pap sb: AB - AC = 10, AB-BC = -6.
b) Do 2AM +3MC =0 nén 2(BNM - BA) + 3(BC - BM) = 0. Suy ra
ETW=3B_C'-2ﬁ:3(AC-AB)+2AB=-AB+3R. (1)

Do NB + xNC =0 nén (1+ x)AN = AB + xAC. Ttr do va (1) suy ra
(1+ X)AN - BM = (AB + xAC) - (-AB + 3AC)

— _AB" +3XAC +(3- x)AB-AC = -16 + 75x + 10(3 — X).
Tl dé suy ra AN L BM khi va chi khi AN -BM = 0. Pléu nay twong duong voi

16+ 75X +10(3 - X) =0 & X = —2.

65
v 14 .
Vayvmx:—a thi AN L BM.

4.62. (H.4.43) a) Do P thudc doan DM sao cho DP = 2PM nén PD = —-2PM. Suy ra

AP = %AD + %AM. Tl 36, do Mla trung diém clia AB, nén AP = %A_D’ + %Ha’

e 14 AP=1L7+;\7 (1)

w
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Do Q thudc doan BN sao cho BQ = XQN nén QB = —xQN . Suy ra

(1+x)AQ=AB+xAN=AB+x(AD+DN)=(1+%j@’+xA_5

(2+ x) Fi X 2) A ; M : B
2(1+ Xx) 1+ X
b) Ttr (1) va (2) suy ra A, P, Q thang
hang khi va chi khi

2+x 1 x .1

haymz

201+Xx) 3 1+x 3

2+ X X
& = &% =2

21+ x) 1+x D | N . C
Vay vai x = 2 thi A, P, Q thang hang. Hinh 4.43

4.63. HD. Str dung két qua Vi du 3, Bai 9, ta duoc 3GG = 2BA.
4.64. (H.4.44) a) Do E la trung diém cla
AB, F la tfrung diém cla CD nén
AE = EB, FC = DF.
Do K la trung diém clia AF, L la trung
diém cta CE, M la trung diém cla
BF, N |a trung diém clia DE, nén theo
két qua cua bai tap 4.12, Toan 10,
Tap mét, ta co
2KL = AE + FC = EB + DF = 2NM

Suy ra KL = NM va do d6 KLMN la
ma&t hinh binh hanh.

b) Do KLMN la hinh binh hanh va | la
giao diém cla KM, LN nén [ la trung ‘
diém chung clia KM, LN. Hinh 4.44

Suy ra 2E] = EN + EL = _;.E_m -;—E_Cf = EF. Do d6 E, I, F thdng hang, hon

nira [ 1a trung diém clia EF.

4.65. a) Do M1a trung diém clia AB nén BM = %ﬁ\' - -%E (H.4.45). (1)

Goi E la hinh chiéu vuéng géc clia C trén AD. Khi d6 tr giac ABCE la mét
hinh chr nhat.
Suy ra EA =CB=1=%DA va do d6 CB = EA =

— f

1pA--17p (2)
3 3
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Tl (1), (2), theo quy tac ba diém ta cd B C

m=@+m=_%m-%m.

Theo cach xac dinh diém E thi ED = %ﬁi M
Tl d6, theo quy tac ba diém ta cé
-
CD =CE +ED = %@-_Amgw A E D

i Hinh 4.45
b) Do G la trong tdm cua tam giac MCD nén

3AG=AM+AC+AD=AM+(/TB'+/E")+HJ’=%H3’+%E. (3)

Do | thuéc canh CD nén hai vecto IC va g C
ID nguoc huwong (H.4.46).
T @6, do 9IC = 5ID nén 9IC + 5ID = 0.

0 M
Suy ra 14Al = 9AC + 5AD = 9AB + 8AD. (4)
— —_— — - I
Tl (3) va (4) suy ra 14A] = 6 - 3AG = 18AG L |
va do dé A, G, | thang hang. A E D
c) Tt (4), déyrang AD L AB, suy ra Hinh 4.46

SEE = N2 —" = oy = e S
196A/2 = (14A1)" = (9AB + 8AD)” = 81AB +2-(9AB) - (8AD) + 64AD
= 81AB2 + 64AD? = 81-4 + 64 -9 = 900.

Suyra Al = 15
< . 2 =T TR == 5 — 4—;
Theo quy tac ba diém tacé Bl = Al - AB = _HAB +7AD.
2
Suyra BI? = 228+ 2 A8 == 4492 9199 Ganias B =B,
14 14 196 196 49

4.66. HD. Biéu dién cac vecto theo ba vecto AB, BC, CD.
Theo quy tic ba diém ta c6 AD = AB + BC + CD, CA = —AB — BC; BD = BC +CD.

Suyra AB-CD+BC-AD+CA-BD = AB-CD+BC-(AB + BC + CD)
+(-AB-BC)-(BC +CD).
Khai trién, gian wéc, thu dugc diéu phai ching minh.
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4.67.a)Papsbd: a-b=-5b-¢c=-27.c-a=1.
b) Tir gia thiét suy ra b + ¢ = (-2 -1), |al = ¥5. [b+ ¢| = 5.
Doa=(12),b+c=(-2-1)néna-(b+c)=1(-2)+2 (-1 = -4

Suy ra cos(é; b+ 5) = m = _—4. T dé suy ra (5; b+ 5) =~ 143°7'48".
a6+l 5

L

-3
e —
3

4.68. a) Do A(=2; 1), B(1; 4), C(5; =2) nén AB = (3; 3),AC = (7; -3). Do
nén AB va AC khéng ciing phirong, suy ra A, B, Cla ba dinh clia mét tam giac.
Jx _2+1+5 4

Goi G(x;y) la trong tam cla tam giac. Thé thi

Vay trong tam cla tam giac la G(gﬂj.

b) Gaoi H(x; y) la truc tam clia tam giac ABC.

Khi @6 CH = (x =5,y +2), BH = (x -1y — 4).

Do H Ia tryc tam, nén CH L AB, BH L AC. Tix d6 thu dugc

[3(x-5)+3(y+2)=0 JX 1
2 P
7(x=1)-3(y-4)=0 [ L8
D = 5
Vay H(E;Ej.
5 6
Goi / 1a tam duwdng tron ngoai tiép tam giac ABC. Theo két qua bai tap 4.15, ta co
IA+IB+IC =IH.
Tir @6 suy ra Of = ~0G - ~OH vadods I[2: 1),
2 2 5%
Nhan xét
— Ta c6 thé tim toa d6 diém / nhd vao dau hiéu /A = IB = IC.
— Viéc str dung dang thirc 1A + 1B +1C =1H hay IH = 3IG cho phép ta thu
duoc toa d6 clia diém con lai khi biét toa d6 clia hai trong ba diém G, H, I.

122



4.69. (H.4.47) a) Xét diém D(d: 0)e Ox. Taco BD = (d - 5-3), CD = (d + 2-9).
Tir d6 B, C, D thang hang khi va chi khi hai vecto BD,CD cung phwong, tic

la (d-5):(-3)=(d+2):(-9). Tt d6 tim duoc d =g. Vay D(%; o] la

diém can tim.

b) Tlr gia thiét suy ra A va B nam vé hai phia cla truc hoanh. Bdi vay, v&i méi
diém E € Ox ta c6 EA + EB > AB, dang thirc xay ra khi va chi khi E la giao

diém clia AB v6i Ox. Bang lap luan nhu & phan a), tim duoc E(1—41; Oj.

Vi
C lg

Hinh 4.47
c) Gia st tim dwoc diém F thoa man yéu cau bai toan. Goi G |a trong tam clia
tam giac ABC. Khi d6 G[-g; gj (1)

Do FA + FB + FC = 3FG nén |FA + FB + FC| nho nhat khi va chi khi FG co
d6 dai nho nhéat. Biéu nay xay ra khi va chi khi F1a hinh chiéu vuéng goéc clia

Gtrén Oy. Ty dova (1) suy ra F(O; %1]

4.70. Trong lwc ctia 6 16 c6é d6 16n bang |75| = 2500 x 10 = 25 000 (N).

Trong luc P clia 6 t6 hop v&i hudng chuyén doi MN mét goc o.= 9C° + 15° = 105°.
Trong luc P duoc phan tich thanh hai thanh phan P, va P,: P =P, + P,
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trong do 5{ c6 phwong vuéng goc véi mat déc, F_’z' cO phuwong song song Voi
mat dbc (H.4.48).

Ta nhan théy ring, P, khéng co tac dung ddi voi chuyén doi MN clia xe, con
F_’z' nguoc hudng voi MN. Do do, céng clia trong Iwrc tac ddng Ién xe bang
A=P-MN =|P|.[MN| - cos(P:MN)
=25 000 - 50 - cos105° = -323 524 (J).

Nhan xét. Cling co thé tinh céng A nho dinh i chiéu (xem muc Nhan xét sau
Vi du 2, Bai 11) nhu sau:

A=P-MN =P, - MN =|P;|-[WN|- cos 180°
- _(|B| - sin15°) . 50 ~ —323 524 (J)
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CHUONG V -CAC SO PAC TRUNG

CUA MAU SO LIEU KHONG GHEP NHOM

| SO GAN PUNG VA SA1S0

5.1. a) Ca hai sb déu la sb gan dung.
b) 18,3n la sé dung; 57,462 la sb gan dung.

5.2. Vi d6 chia nho nhat clia thudc la 1 cm nén dé chinh xac d = 0,5 cm.

Sai sb tuyét d6i 5 < d = 0,5 cm va sai s6 tuong d6i § < % _05 L o031%

163
5.3. a) e la sb dung; 2,71828 la s6 gan dung.

b) Tir gia thiét ta co: [e — 2,71828| < 0,00008 = d.

0,00008
2,71828

5.4. HD. SUr dung chirc ndng bam c&n bac 2 va bam sé .
5.5. a) 23 200; b) 18,06.
5.6.a) 120 V; b) 10 m/s®

Do d6, sai sb twong d@éi 8 < =~ 0,0029%.

| CAC SO PAC TRUNG PO XU THE TRUNG TAM

5.7. X = 5,72.

5.8. 91%.
5.9. a) Sé trung binh:

% - 190 174 11-5...+1 195 23 404,67.

Sap xép day sé liéu theo thir ty khong giam:
1195 1602 1934 2 000 2 541 3297 3 760 4 544
5807 6 103 8 155 19048 19728 81182 190 174.

Vi n=15nénvi tri chinh gitra la vi tri sb 8. Do do, trung vi la 4 544.

b) Sé trung binh I&n hon trung vi nhiéu 1a do trong day sé cé mét gia tri rat 16n
la 190 174. Trung vi khéng bi anh hudng bdi gia tri “bat thwdng” nay.
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5.10. Mét = 1; Y nghia: Sé gia dinh c6 hai con la nhiéu nhéat.
5.11. a) Sép xép day sb liéu theo thir tw khéng giam:

12,02 19,08 25,95 81,26 338,28
339,98 340,82 362,24 501,89 1 059,64.
Vi n =10 nén trung vi la trung binh céng cua 2 gia tri chinh gitra (vi tri 5 va 6):
Q, = 338,28 + 339,98 _ 339.13.
2
Ntra di liéu bén trai Q2 la: 12,02 19,08 25,95 81,26 338,28,

gdm 5 sb do d6 sé chinh gitra la s6 & vi tri thir 3 nén Q1= 25,95.

Ntra di liéu bén phai Q; la: 339,98 340,82 362,24 501,89 1059,64;

gdm 5 s do d6 trung vi la sé chinh gitra & vi tri thir 3 nén Q3 = 362,24.

b) GDP cua Viét Nam nam 2020 la 340,82 ti d6 la MY (nhd hon Q3) nén Viét Nam

khéng thuéc nhém 25% qudc gia trong khu viee Béng Nam A cé GDP cao nhat.
5.12. a) S6 trung binh X = 3,14. Trung vi Me = 2,67.

b) Dién tich trung binh clia céc finh ddng bang séng Clru Long Ia 3,14 nghin km®,

Trung vi Me = 2,67 (nghin km2) nghia 1a sé tinh cé dién tich nhd hon

2,67 nghin km? bang s6 finh co dién tich I6n hon 2,67 nghin km?.

| CAC SO DAC TRUNG PO PQ PHAN TAN

5.13. a) Do léch chuan clia day sb liéu A 16n hon.
b) Khéng nhw nhau.
5.14. HD. Day B c6 duoc la do cong mai gia tri clia day A véi 5.
5.15. a) Van ddng vién A: Khoang bién thién = 2, D6 Iéch chuan = 0,7.
Van déng vién B: Khoang bién thién = 5, D4 léch chuén = 1,64.
b) Vi khoang bién thién, d6 Iéch chuan vé thanh tich cla van déng vién A déu
nhd hon cla van déng vién B nén dua trén cac tieu chi nay ta co6 the ket luan
van déng vién A co thanh tich én dinh hon.
5.16. Déay sb liéu (c).
5.17. a) Sép xép day sb liéu theo thir tw khéng giam:
148 157 162 165 165 165 167 168 170  179.
Vi n = 10 nén trung vi la trung binh céng ctia 2 sé & chinh gitra (vi tri 5 va 6):

Q, _165+165 o
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Ta tim Q4 la trung vi ctia ntra d¥ liéu bén trai Q:la:
148 157 162 165 165
va tim duoc Q1= 162.
Nira di¥ liéu bén phai Q; la: 165 167 168 170 179
va tim duoc Q2= 168.
Do d6, khoang ttr phan vila Aq= 168 - 162 = 6.
b) Khoang t&r phéan vi do d6 phan tan cla 50% d( liéu & gitra nén khong bi
anh hudng bdi gia tri nho nhat, gia tri I6n nhat.
5.18. HD. Tim khoang tr phan vi A, tuong tw nhw Bai 5.17, tim sé trung binh X
sau d6 kiém tra xem gia tri 0,290 c6 nhé hon Q; —15 - Ag khéng.

BAI TAP CUOI CHUONG V

A - Tracnghiém
5.19. B 5.21. A 9.23.C 5.25.C 5.27.D 5.29. A
5.20.C 5.22.B 5.24.D 5.26.B 5.28.B 5.30.B

B - Tuluan

5.31. Gi6i han cho phép la 50+ 0,5% - 50 hay 50 +0,25. Pdng hd clia c6t do
xang dau bao la 50,3 > 50,25 lit, tirc la da vrot qua gidi han cho phép.

5.32.a) X = 7,96. b) 8,0.

165 - 175,16

7,64

dinh dudng thé thap coi, muirc do vira.

5.34. a) Sé trung binh = 15, Trung vi = 10, Mét = 5.

b) Nén dung trung vi vi sé trung binh bi anh hudng bai gia tri “béat thuong” la
55, con maét xuéat hién la do ngau nhién.

5.33. HD. Tinh Z =

= —264. Do -3 < Z < -2 nén nguadi nay bi suy

5.35. HD. a) Tinh cac t&* phan vi va khoang t& phan vi. Kiém tra xem gia tri 6,78
colon hon Q; +15- Ag hay khdng.
b) Néu 6,78 la diém bat thwong ta loai bd gia tri nay va tinh s6 trung binh cla
7 gia tri con lai. Néu 6,78 khong la diém bat thwdng ta tinh sé trung binh ctia 8
gia trj trong méau sé liéu.

5.36. a) S6 trung binh = 8,1875 (triéu ddng).
b) Q¢ = 6,5 (triéu déng).
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